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Some claims concerning a tetrahedron based on an acute triangle

Consider a tetrahedron ABCP such that the triangle ABC is acute. Without altering its shape, scale and position this
tetrahedron in Cartesian space so that the coordinates of A, B and C are (x,, y,,0), (x,, »,,0) and (x,, y,,0),

respectively, with X = cos d)j, Y= sin (|>f (G=123) and ¢ +¢,+ ¢, =0 for angles ¢, , ¢,and ¢,. (This is straight-
forward to achieve.)

Define the following:

LA =ZCAB, LB =ZABC, ZC=4ZBCA, a = LBPC, B = ZCPA, y=ZAPB,

C,=cosacosPcosy, C,=cos’a, C,=cos’f, C,=cos’y,

L=2[(y+y,+y)d-C)+U-x)y (C,-D+ (A-x)y,(C,-D+ (A-x)y (C,;-D],

R

= 2[(1+x+ x,+ x)1-C)+(1+x)x (C,~1)+ (1+x,)x, (C,~ )+ (1+x)x,(C,— )1,

H=1+2C,~ C,— C,~ C,, E =L+ (R*HY,

D = E*+ 18 H?E + 8H (R+H) [(R+H)* - 3L*] - 27TH" .

The following (proven) constraints hold:

1.

7.

H > 0 (which is equivalenttoa+pf+y<2n N a<B+y A B<y+ta Ay< a+p);
LA+PB+y<2n, a+LB+y<2n, a+P+LC<2m;

B+y—0a<2LB+ZC),y+a—PB<2(LC+LA), a+B-y<2ALA+ZLB);

o0 <ZLA — [B<max{£LB,LC+a} Ny<max {£LC,ZLB+ta}],
B<4LB - [y<max {LC,LA+P} N ao<max { LA, LCHB} ],
Yy <ZLC - [o<max { LA, LB+y} N f<max { LB, LA+y}];

a<LA — cos£LCcosP + cosZLBcosy > 0,
B<4ZLB — cosZLAcosy + cos £LCcosa > 0,
Yy <ZLC — cos£LBcosa + cosZLAcosP > 0;

(D>0 AN a<ZA) > B<LBV y</C),
(D>0AB<LB) > (y<ZCV a<ZA)),
(D>0Ay</C) > (a<ZLAVN B<ZLB);

D>0 > [a<ZAV a>n—LA VB<LBV PB>n—-~LB Vy</LCVy>n-/C].

The first three items in this list are rather easily proved. The remaining four items require a significantly more
technical analysis. Also, experimental evidence suggests that this collection of constraints is necessary and sufficient
for a suitable tetrahedron ABCP to exist for a given acute triangle ABC. At present though, the sufficiency claim is
only a conjecture. (Note: the arrows mean logical implication here.)



