In[196]:=

(*

*%*% COMPUTATIONS USED IN MY 2007 PAPER

*)

(» Overhead / Support Tools - Activate all of this x)

cSubs =
cl »
c2
c3

}s

{

$

r2RSubs
rl -»
r2 -»
r3 -

}3

RSubs
R1 »
R2 -»
R3 -»

DSubs
D1 »
D2 -»
D3 -»
}s

DRSubs =
D1 -
D2 -
D3 -
R1 -
R2 -
R3 -
}s

tSubs =

{ (*» System (1) solved for c's x)
(r2A2 + r3A2 - D1) / (2r2r3),
(r3A2 + r1A2 - D2) / (2r3rl),
(rl7r2 + r222 - D3) / (2rlr2)

= { (* Rl = r1t2, etc. «)
Sqrt[R1],

Sqrt[R2],

Sqrt[R3]

{ (* R1 = ri1r2, etc. =)

(x-x1)"2 + (y-yl)*r2 + Z,
(X=-Xx2)"2 + (y-y2)"2 + Z,
(Xx-x3)"2 + (y-y3)"2 + Z

{ (» D1 = d1r2, etc. #)

(X2 -x3) "2 +
(X3 -x1)"2 +
(X1 -x2)"2 +

{

Expand[D1 /.
Expand[D2 /.
Expand[D3 /.
Expand[R1 /.
Expand[R2 /.
Expand[R3 /.

{ (* Weierstrass substitutions

(y2-y3)*2,
(y3-yl) "2,
(yl-y2)*2

DSubs],
DSubs],
DSubs],
RSubs],
RSubs],
RSubs]

%)

XL (1-t172) / (1+t1h2), yl- 2tl/ (1+t1hr2),
X2 > (L-t2A2) / (1+t272), y2 » 2t2/ (1L+t2/2),
X3 (L-t372)/ (1+13"2), y3 > 2t3/ (1+1t3412)
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}s

tSubsSp =

tl -

untSubs = {
tl->yl/ (1+x1),
t2->y2/ (1+x2),
t3->y3/ (1+x3)

}s

ySubs = {

ylhr2
yl73
ylhr4
ylA5
ylire6
y1lAr7
ylr8
yl4r9
ylr10
ylA11
y1A12
yl7r13
ylA14
y1A15
yl7r16
y272
y243
y274
y2A75
y276
y2nrT
y278
y279

A L A S T 4

L R T 2 T

(* X172 + yl172 = 1, etc. *)

1-x172,

yl (1 - x172),

(1 - x1A2) 72,

yl (1 - x1r2)"r2,
(1 - x1A2) 73,

yl (1 - x1722)73,
(1 - x172) 74,

yl (1 - x172) 74,
(1 - x1A2) A5,
yl (1 - x1A2) A5,
(1 - x1A2) 76,
yl (1 - x1/72) "6,
(1 - x1A2) A7,
yl (1 - x1A2)A7,
(1 - x1A2) A8,

1 - x24A2,

y2 (1 - x272),

(1 - x2A2) 72,

y2 (1 - x2722) 12,
(1 - x2A2) 73,

y2 (1 - x2722) "3,
(1 - x2A2) 74,

y2 (1 - x212) A4,

y27210 » (1 - x272) A5,

y2411
y2712
y2713
y27r14
y2715
y2716
y312
y373
y374
y3A75

y2 (1 - x272) A5,
(1 - x272) "6,
y2 (1 - x2”2) "6,
(1 - x2A2) A7,
y2 (1 - x272) 77,
(1 - x2h2) 78,
1 - x372,
y3 (1 - x372),
(1 - x3/2) 12,
y3 (1 - x3A2) 72,

1-t12 2t1 1-1t22 2t2
{Xl—) yl - y X2 > y Y2
1+t1? 1+t1? 1+ t2? 1+ 122
t2 + t3
————————}; (# tl + t2 + t3 =
-1+t21t3

y X3 >

1-132

1+1t32

s Y

3-

2t3

b
1+1t32

tl t2 t3 in special coordinate system )



Y376 » (1 - x3A2)473,
y3A7 5 y3 (1 - x3/2) A3,
y3A8 o5 (1 - x3A2) 74,
y379 5 y3 (1 - x3/2) A4,

y3710
y3711
y3712
y3713
y37r14
y3715
y34716
}s

R 2 2

special = {
t3 - (t2 +t3) / (t2t3 - 1),
X1x2x3 > 1+x1y2y3 + ylx2y3 + yly2x3,

(1 - x3A2) A5,
y3 (1 - x372) 75,
(1 - x322) "6,
y3 (1 - x372) "6,
(1 - x3A2) A7,
y3 (1 - x3A2) 77,
(1 - x3A2) 78

(*» Valid only 1in special coordinate system

yly2y3 » ylx2x3 + x1y2x3 + x1x2y3,

y2 x3
y2y3
yl x3
yly3
y1l x2
yly2

}s

-
-

-

-
-
-

-x2y3 - yl,
X2 x3 - x1,
-x1y3 - y2,
x1x3 - x2,
-x1ly2 - y3,
x1x2 - x3

ListDepth[list_] :=
If [ListQ[list],
If [Length[list] =0,

1,

1+ Max[Map[ListDepth, list]]],

0

]

UnCoefficientList[list_, vars_] := Module]|

{depth, powers, sum, i, len, var, vars2},
If[!ListQ[vars],
Total[list » vars” (Range[Length[list]]-1)],

depth

Length[vars];

If[depth =0,

list

b

If[depth =1,
Total[list » vars[[1]]" (Range[Length[list]]-1)],

sum
len
var

var

s2

03

Length[list];
vars[[1]];

= Delete[vars, 1];

*)
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For[i = 1, islen, i++,

sum += UnCoefficientList[list[[i]], vars2] % var~ (i-1)

ls

]
]
]
]

sum

unXYASubs =
XH » x1 + x2 + x3,
X1 - 2x1 - x2 - x3,

2x2 - x3 - x1,

2x3 - x1 - x2,

X2
X3

YH
Y1
Y2
Y3

-

-

R

{

yl +y2 +y3,

2yl - y2 -y3,
2y2 - y3 -yl,
2y3 -yl -y2,

A - x1y2 + x2y3 + x3yl - x1y3 - x2yl - x3y2

}3

XYASubs

(*

X2
X3->
yl-
y2-
y3-
%)

X1 -»
X2 >
X3 -»
yl >
y2 >
y3 -

.

x1- (XH

(
(
(
(
(

X172
X173
X174
X175
X176

XH
XH
YH
YH
YH

(XH
(XH
(XH
(YH
(YH
(YH

L S

+ Xp + Xm) /3,
+ wh2 Xp + w Xm) /3,
+ w Xp + w2 Xm)/3,
+ Yp + Ym)/3,
+ w2 Yp + w Ym)/3,
+ w Yp + w2 Ym)/3,

+ X1) /3,
+ X2) /3,
+ X3) /3,
+ Y1) /3,
+Y¥2) /3,
+Y3) /3,

((3X1-XHX1-3YHY1) + (9 - 6XH + XHA2 - 3YHA2) ) / 2 ,
X1 ( (3X1L-XHXL-3YHY1) + (9 - 6XH + XHA2 - 3YHA2)) / 2 ,
(((3X1L-XHX1-3YHY1) + (9 - 6XH + XHA2 - 3YHA2) ) / 2 )A2 ,
X1 (((3X1-XHX1-3YHY1) + (9 - 6 XH + XHA2 - 3YHA2)) /2 )Ar2 ,
(((3X1-XHX1-3YHY1) + (9 - 6XH + XHA2 - 3YHA2) / 2) )A3 ,



X212
X273
X214
X275
X276

L S

X372
X373
X374
X375
X376

L A A

X1X2 >
X172 X2
X173 X2
X174 X2
X175 X2
X1X212
X1X273
X1X274
X1 X275

(
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(3X2-XHX2-3YHY2) + (9 - 6XH + XHA2 - 3YHA2) ) /2 ,

X2 ( (3X2-XHX2-3YHY2) + (9 - 6XH + XHA2 - 3YHA2) ) / 2 ,

(( (3X2-XHX2-3YHY2) + (9 - 6XH + XHA2 - 3YHA2) ) / 2 )r2 ,
X2 (( (3X2-XHX2-3YHY2) + (9 - 6XH + XHA2 - 3YHA2) ) / 2 )A2 ,
(( (3X2-XHX2-3YHY2) + (9 - 6XH + XHA2 - 3YHA2) ) / 2 )73,

(

(3X3-XHX3-3YHY3) + (9 - 6XH + XH*"2 - 3YH"*2) ) / 2 ,

X3 ( (3X3-XHX3-3YHY3) + (9 - 6XH + XHA2 - 3YHA2) ) / 2 ,

(( (3X3-XHX3-3YHY3) + (9 - 6XH + XHA2 - 3YHA2) ) / 2 )r2 ,
X3 (( (3X3-XHX3-3YHY3) + (9 - 6XH + XHA2 - 3YHA2) ) / 2 )A2 ,
(( (3X3-XHX3-3YHY3) + (9 - 6XH + XHA2 - 3YHA2) ) / 2)A3 ,

(2(3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4,

-
-
>
-
-
-
-

-

X172 X212
X123 X272
X17M4 X212
X1A2 X273

X172 X274

X1A3 X273

X1 (2 (3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X172 (2 (3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X1A3 (2 (3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4,

X174 (2 (3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4,

X2 (2 (3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X272 (2 (3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X273 (2 (3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X274 (2 (3X3-XHX3-3YHY3) - (9 - 6XH + XH A2 - 3YHA2) ) / 4 ,

> ((2(3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)72 ,

- X1 ((2(3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) /7 4)Ar2 ,
> X172 ((2(3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)72 ,
- X2 ((2(3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) /7 4)A2 ,
> X272 ( (2 (3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)7r2 ,
5> ((2(3X3-XHX3-3YHY3) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)/3,

X1X3 » (2 (3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4,

X172 X3
X123 X3
X174 X3
X1725X3
X1X372
X1X373
X1X374
X1 X375

>
>
>
>
>
>
>

-

X1A2 X372
X1A3 X372
X17M4 X312
X122 X373
X122X374
X173 X373

X1 (2 (3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X172 (2 (3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X1A3 (2 (3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X174 (2 (3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X3 (2 (3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X372 (2 (3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X373 (2 (3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X374 (2 (3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

5> ((2(3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)72 ,

> X1 ((2(3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) /7 4)A2 ,
5 X172 ( (2 (3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)72 ,
- X3 ((2(3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) /7 4)A2 ,
5 X322 ((2(3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)7r2 ,
5> ((2(3X2-XHX2-3YHY2) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)/3,

X2X3 » (2 (3X1-XHXL-3YHY1) - (9 - 6XH + XH 2 - 3YHA2) ) / 4 ,
X2A2X3 » X2 ( 2 (3X1-XHX1-3YHYL) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,
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X2A3X3 - X272 (2 (3X1-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,
X274 X3 - X273 (2 (3X1-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4
X2A5X3 - X274 (2 (3X1-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

-

-

-

-

X2X322 - X3 ( 2 (3X1-XHX1-3YHYL) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,
X2 X383 - X342 (2 (3XL-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X2 X384 - X373 (2 (3X1L-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,

X2 X3A5 - X374 (2 (3XL-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4 ,
X2A2X322 - ( (2 (3X1-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)r2 ,
X2A3 X322 - X2 (( 2 (3XL-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)1r2 ,
X274 X322 - X282 ( (2 (3X1-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)"r2 ,
X2A2X3A3 - X3 (( 2 (3XL-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)1r2 ,
X2A2X3M4 - X322 (( 2 (3XL-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)r2
X2A3 X343 - ( (2 (3X1L-XHX1-3YHY1) - (9 - 6XH + XHA2 - 3YHA2) ) / 4)A3,

Y182 5 ( -(3XL+3XHXL+YHY1) + (9 + 6XH -3XHA2 +YHA2) ) / 2 ,
Y1A3 5 Y1 (-(3X1+3XHX1+YHY1) + (9 + 6XH -3XHA2 +YHA2)) / 2 ,
Y184 5 ( (-(3X1+3XHX1+YHY1) + (9 + 6XH -3 XHA2 +YHA2)) / 2 )72,
Y1A5 5 Y1 ((-(3X1+3XHXL+YHY1) + (9 + 6XH -3XHA2 +YHA2) ) / 2 )Ar2 ,
Y186 » ( (-(3X1+3XHX1+YHY1) + (9 + 6XH -3 XHA2 +YHA2) ) /2 )A3 ,
Y2A2 5 (- (3X2+3XHX2+YHY2) + (9 + 6 XH -3 XHA2 +YHA2) ) / 2 ,

Y243 5 Y2 (-(3X2+3XHX2+YHY2) + (9 + 6 XH -3 XHA2 +YHA2) ) / 2 ,
Y2A4 5 ( (-(3X2+3XHX2+YHY2) + (9 + 6XH -3 XHA2 +YHA2) ) / 2 )A2 ,
Y2A5 5 Y2 ((-(3X2+3XHX2+YHY2) + (9 + 6XH -3XHA2 +YHA2) ) / 2 )2,
Y226 5 ( (-(3X2+3XHX2+YHY2) + (9 + 6XH -3XHA2 +YHA2) ) /2 )73,
Y3242 5 ( -(3X3+3XHX3+YHY3) + (9 + 6XH -3XHA2 +YHA2)) / 2 ,

Y3743 5 Y3 (-(3X3+3XHX3+YHY3) + (9 + 6XH -3XHA2 +YHA2)) / 2 ,
Y304 5 ( (-(3X3+3XHX3+YHY3) + (9 + 6XH -3XHA2 +YHA2)) / 2 )42,
Y3A5 5 Y3 ((-(3X3+3XHX3+YHY3) + (9 + 6XH -3XHA2 +YHA2) ) /2 )Ar2 ,
Y346 » ( (-(3X3+3XHX3+YHY3) + (9 + 6XH -3 XHA2 +YHA2) ) /2 )A3 ,

YIY2 » (2%-(3X3+3XHX3+YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4 ,
Y1A2Y2 5 Y1 ( 24-(3X3+3XHX3+YHY3) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y1A3Y2 5 Y172 ( 2%-(3X3+3XHX3+YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4 ,
Y1A4Y2 - YIA3 ( 2%-(3X3+3XHX3+YHY3) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,
Y1A5Y2 - Y174 ( 2%-(3X3+3XHX3+YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4,
Y1Y2A2 5 Y2 ( 2%-(3X3+3XHX3+YHY3) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y1Y2A3 o Y272 ( 2%-(3X3+3XHX3+YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4 ,
Y1Y244 - Y283 ( 2% -(3X3+3XHX3 +YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4,
Y1Y2A5 - Y274 ( 2%-(3X3+3XHX3+YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4,
Y1A2Y2A2 5 ((2%-(3X3+3XHX3+YHY3) - (9 + 6XH-3XHA2 +YHA2) ) / 4)7r2 ,
YIA3Y2A2 5 Y1 (( 2%-(3X3+3XHX3+YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4) A2 ,
Y1A4Y2A2 5 Y1A2 ((2%-(3X3+3XHX3+YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A2 ,
YIA2Y2A3 o Y2 (( 2%-(3X3+3XHX3+YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4) A2 ,
Y1A2Y2A4 5 Y2A2 (( 2%-(3X3+3XHX3+YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A2 ,
Y1A3Y2A3 o5 ((2%-(3X3+3XHX3+YHY3) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A3,
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Y1V3 5 (2%-(3X2+3XHX2+YHY2) - (9 + 6 XH-3XHA2 +YHA2) ) / 4 ,

Y1r2Y3
Y1A3Y3
Y17r4Y3
Y1A5Y3
Y1Y372
Y1Y3A73
Y1Y374
Y1Y3A5

>
-
>
>
>
>
>

-

Y1r2Y3A72
Y1A3Y3A2
Y1r4Y372
Y1A2Y3A3
Y1r2Y374
Y1A3Y373

Y1 (2%-(3X2+3XHX2+YHY2) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y172 (2%-(3X2+3XHX2+YHY2) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y1A3 (2%-(3X2+3XHX2+YHY2) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y174 ( 2%-(3X2+3XHX2+YHY2) - (9 + 6 XH-3XHA2 +YHA2) ) / 4,

Y3 (2%-(3X2+3XHX2+YHY2) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y3A2 (2%-(3X2+3XHX2+YHY2) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y3A3 (2%-(3X2+3XHX2+YHY2) - (9 + 6XH-3XH 2 +YHA2) ) / 4,

Y3704 ( 2%-(3X2+3XHX2+YHY2) - (9 + 6 XH-3XHA2 +YHA2) ) / 4,

5> ((2%-(3X2+3XHX2+YHY2) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A2 ,

5> Y1 ((2%-(3X2+3XHX2+YHY2) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)r2 ,
5 Y1A2 ((2%-(3X2+3XHX2+YHY2) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A2 ,
5> V3 ((2%-(3X2+3XHX2+YHY2) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)r2 ,
> Y3M2 ((2%-(3X2+3XHX2+YHY2) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)r2 ,
5 ((2%-(3X2+3XHX2+YHY2) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A3,

Y2Y3 5 (2%-(3X1+3XHX1+YHY1) - (9 + 6 XH-3XHA2 +YHA2) ) / 4 ,

Y272Y3
Y273Y3
Y27r4Y3
Y275Y3
Y2Y3472
Y2Y373
Y2Y374
Y2Y3A5

>
-
>
>
>
>
>

-

Y2/r2Y372
Y2A3Y3A2
Y27r4Y372
Y2A2Y3A3
Y27r2Y374
Y2A3Y373

Y2 (2%-(3X1+3XHX1+YHYL) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y272 (2% -(3XL+3XHXL+YHYL) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y2A3 (2%-(3X1L+3XHX1L+YHY1) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y274 ( 2%-(3X1+3XHX1+YHYL) - (9 + 6 XH-3XHA2 +YHA2) ) / 4,

Y3 (2%-(3X1L+3XHX1+YHY1) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y3702 (2% -(3X1+3XHX1+YHYL) - (9 + 6XH-3XHA2 +YHA2) ) / 4 ,

Y3A3 (2%-(3XL+3XHXL+YHY1) - (9 + 6XH-3XHA2 +YHA2) ) / 4,

Y3704 ( 2%-(3X1+3XHX1+YHYL) - (9 + 6 XH-3XHA2 +YHA2) ) / 4,

5> ((2%-(3X1+3XHX1+YHY1) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A2 ,

5> Y2 ((2%-(3X1+3XHX1+YHY1) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A2 ,
> Y202 ((2%-(3X1+3XHXL+YHY1) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)Ar2 ,
5> V3 ((2%-(3X1+3XHX1+YHY1) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A2 ,
> Y382 ((2%-(3X1+3XHXL+YHY1) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A2 ,
5 ((2%-(3X1+3XHX1+YHY1) - (9 + 6 XH-3XHA2 +YHA2) ) / 4)A3,

X1Y1l > ((XHY1+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2,

X142Y1
X173YvY1
X174Y1
X125Y1
X1Y11r2
X1Y173
X1Y1r4
X1Y1AS5

-

R T

-

X1A2Y11r2
X1A3Y1Ar2
X174Y11r2
X17A2Y173
X122Y174

X1 ((XHYL+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2,

X172 ((XHYL+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2,

X173 ((XHYL+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2,

X174 ( (XHYL+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2,

Y1 ((XHY1+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2,

Y1A2 ((XHYL+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2,

Y1A3 ((XHYL+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2,

Y174 ( (XHYL+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2,

5 ( ((XHY1+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2 )72,

5 X1 ( ((XHYL+YHX1-3VY1) + 2 (2XHYH + 3YH) ) / 2 )72,
5 X172 ( ((XHY1+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2 )72,
> Y1 ( ((XHYL+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2 )72,
5 Y172 ( ((XHY1+YHX1-3Y1) + 2 (2XHYH + 3YH) ) / 2 )72,
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X1A3Y143 - ( ((XHY1+YHXL-3Y1) + 2 (2XHYH + 3YH) ) / 2 )A3,

X1Y2 » ((XHY3 +YHX3-3Y3) - (2XHYH + 3YH) + 34a) /2,
X1A2Y2 -» X1 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2,

X1A3Y2 » X172 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2,
X17A4Y2 -» X173 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 34 ) /2,
X1A5Y2 5 X174 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2,
X1Y2A2 - Y2 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2,

X1Y2A3 - Y272 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2,
X1Y27A4 - Y273 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 34 ) /2,

X1Y2A5 - Y274 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2,
X1A2VY2A2 - ( ((XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2 )72,
X1A3Y272 - X1 ( ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2 )A2,
X1A4Y2A2 - X172 ( ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2 )Ar2,
X1A2Y2A3 - Y2 ( ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2 )A2,
X1A2Y2A4 - Y272 ( ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 3A) /2 )Ar2,
X1A3Y2A3 - ( ((XHY3+YHX3-3Y3) - (2XHYH + 3YH) + 34 ) /2 )A3,

X1Y3 - ((XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 34A) / 2,
X1A2Y3 -» X1 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3a) /2,

X1A3VY3 > X172 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2,
X1A4Y3 -» X173 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2,
X1A5Y3 - X174 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2,
X1Y322 - Y3 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2,

X1Y3A3 - Y372 ((XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2,
X1Y374 - Y373 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2,
X1Y3A5 - Y374 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2,
X1A2VY3A2 - ( ((XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2 )72,
X1A3Y322 - X1 ( ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2 )Ar2,
X1A4Y3A2 - X172 ( ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2 )72,
X1A2Y3A3 - Y3 ( ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2 )Ar2,
X1A2Y3A4 - Y322 ( ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) /2 )72,
X1A3Y3A3 - ( ((XHY2+YHX2-3Y2) - (2XHYH + 3YH) - 3A) / 2 )A3,
X2Vl > ((XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 3a) /2,

X2A2Y1 -» X2 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 34a) /2,

X2A3Y1 > X272 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 34 ) /2,
X2A4Y1 -» X273 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 34 ) /2,
X2A5Y1 - X274 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 34 ) /2,
X2Y1A2 - Y1 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 34 ) /2,

X2Y1A3 - Y172 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 34a) /2,
X2Y17A4 - Y1A3 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 34 ) /2,
X2Y1A5 - Y174 ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 34 ) /2,
X2A2Y1A2 - ( ((XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 3A ) /2 )2,
X2A3Y172 - X2 ( ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 3A ) / 2 )A2,
X2A4Y1A2 - X272 ( ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 3A ) /2 )Ar2,

X2A2Y143 - Y1 ( ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 34a ) /2 )72,
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X2A2Y144 - Y1A2 ( ( (XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 34 ) /2 )72,
X2A3Y1A3 - ( ((XHY3+YHX3-3Y3) - (2XHYH + 3YH) - 3A) /2 )A3,

X2Y2 » ((XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2 ,
X2A2Y2 » X2 ((XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2,

X2A3Y2 - X272 ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2,
X2A4Y2 5 X273 ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2,
X2A5Y2 - X274 ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2 ,
X2Y2A2 5 Y2 ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2 ,

X2Y2A3 - Y272 ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2 ,
X2Y27A4 - Y273 ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2,

X2V2A5 5 Y274 ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2,
X2A2Y272 5 ( ((XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2 )A2,
X2A3Y2A2 - X2 ( ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2 )A2,
X2A4Y2A2 - X272 ( ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2 )A2,
X2A2Y2A3 - Y2 ( ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2 )A2,
X2A2Y274 » Y272 ( ( (XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2 )A2,
X2A3Y2A3 - ( ((XHY2+YHX2-3Y2) +2 (2XHYH + 3YH) ) / 2 )73,

X2Y3 > ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) + 34 ) /2,
X2A2Y3 - X2 ((XHY1+YHXL-3Y1) - (2XHYH + 3YH) + 3aA ) /2,
X2A3Y3 -» X272 ( (XHY1+YHX1-3Y1) - (2XHYH + 3YH) + 34 ) /2,

X2A4Y3 - X2A3 ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) + 3A ) /2,
X2A5Y3 - X244 ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) + 34 ) / 2,
X2Y382 - Y3 ((XHY1+YHXL-3Y1l) - (2XHYH + 3YH) + 3A ) /2,

X2Y3A3 5 Y382 ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) + 34 ) / 2,
X2Y324 - Y3A3 ((XHY1+YHXL-3Y1) - (2XHYH + 3YH) + 3aA ) / 2,

X2Y3A5 - Y3A4 ((XHY1+YHXL-3Y1) - (2XHYH + 3YH) + 3A ) /2,
X2A2Y342 5 ( ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) + 3A ) /2 )72,
X2A3VY3A2 - X2 ( ( (XHY1+YHX1-3Y1) - (2XHYH + 3YH) + 3A ) /2 )72,
X2A4Y3/2 - X282 ( ( (XHYL+YHX1-3Y1) - (2XHYH + 3YH) + 34a ) /2 )Ar2,
X2A2Y3A3 5 Y3 ( ( (XHYL+YHX1-3Y1) - (2XHYH + 3YH) + 34A ) /2 )A2,
X2A2Y324 - Y382 ( ( (XHYL+YHX1-3Y1) - (2XHYH + 3YH) + 34 ) /2 )Ar2,
X2A3Y3A3 5 ( ((XHY1+YHXL-3Y1) - (2XHYH + 3YH) + 3A ) /2 )"3,

X3Y1l » ((XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 34 ) /2,
X3A2Y1 > X3 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 34a ) /2,
X3A3Y1 - X372 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 34 ) / 2
X37A4Y1 -» X373 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 34A ) /2,
X3A5Y1 -» X384 ((XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 3A ) /2
X3Y1A2 - Y1 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 34 ) /2,

X3Y1A3 - Y1A2 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 34 ) /2,
X3Y17A4 - Y1A3 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 34 ) /2,
X3Y1A5 5 Y174 ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 3A ) /2,
X3A2Y122 5 ( ((XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 34 ) /2 )Ar2,
X3A3Y1A2 - X3 ( ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 3A ) /2 )A2,
X3M4Y1A2 - X322 ( ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 34 ) /2 )Ar2,

| 9
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X3A2Y143 - Y1 ( ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 3A ) /2 )A2,
X3A2Y1h4 - Y1A2 ( ( (XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 3A ) /2 )Ar2,
X3A3Y143 - ( ((XHY2+YHX2-3Y2) - (2XHYH + 3YH) + 34A ) /2 )A3,

X3Y2 » ((XHY1+YHX1-3Y1l) - (2XHYH + 3YH) - 34 ) /2,
X37A2Y2 -» X3 ( (XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 34 ) / 2,

X3A3Y2 » X372 ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 34a ) /2,
X37A4Y2 - X373 ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 34 ) /2,
X3A5Y2 5 X374 ( (XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 34 ) /2,
X3Y2A2 - Y2 ( (XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 34 ) /2,

X3Y2A3 - Y272 ( (XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 34 ) / 2,
X3Y2A4 5 Y273 ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 34a ) /2,
X3Y2A5 5 Y274 ( (XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 34 ) / 2,

X3A2Y2A2 - ( ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 3A ) /2 )Ar2,
X3A3Y242 - X3 ( ( (XHYL+YHX1-3Y1) - (2XHYH + 3YH) - 34 ) /2 )Ar2,
X3M4Y2A2 - X322 ( ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 34A ) /2 )A2,
X3A2Y2A3 - Y2 ( ( (XHYL+YHX1-3Y1) - (2XHYH + 3YH) - 34 ) /2 )Ar2,
X3A2Y2A4 - Y272 ( ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 34A ) /2 )A2,
X3A3Y243 5 ( ((XHY1+YHX1-3Y1) - (2XHYH + 3YH) - 3A ) /2 )73,

X3Y3 > ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2 ,
X3A2Y3 -» X3 ( (XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2 ,

X3A3Y3 > X372 ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2,
X37A4Y3 -» X373 ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2,
X3A5Y3 - X374 ( (XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2,
X3Y322 - Y3 ( (XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2 ,

X3Y3A3 - Y372 ( (XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2,
X3V374 5 Y373 ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2,

X3Y3A5 5 Y3784 ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2,
X3A2VY372 - ( ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2 )Ar2,
X3A3Y342 - X3 ( ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2 )Ar2,
X3M4Y3M2 - X322 ( ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2 )Ar2,
X3A2Y323 - Y3 ( ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2 )Ar2,
X3A2Y3M4 - Y372 ( ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2 )A2,
X3A3VY3A3 - ( ((XHY3+YHX3-3Y3) +2 (2XHYH + 3YH) ) / 2 )A3,

AN2 5 — (27 - 18 XH? + 8 XH® - XH* - 18 YH? - 24 XH YH? - 2 XH? YH? - YH*) ,

AR

1
AN3 5 A — (27 - 18 XH? + 8 XH® - XH* - 18 YH? - 24 XH YH? - 2 XH? YH? - YH?) ,
4

1

AMA S {— (27-18XH2+8XH3-XH4-18YH2-24XHYH2-2XH2YH2—YH4)]"2,

4
1

AMNS 5 A [— (27—18XH2+8XH3—XH4—18YH2—24XHYH2—2XH2YH2—YH4)]"2,
4

1
ANG > (— (27—18XH2+8XH3—XH4—18YH2—24XHYH2—2XH2YH2—YH4)]’\3 )
4
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1
AMNT 5 A [— (27—18XH2+8XH3—XH4—18YH2—24XHYH2—2XH2YH2—YH4)]"3,
4

1
ANS > (— (27—18XH2+8XH3—XH4—18YH2—24XHYH2—2XH2YH2—YH4)]"4 R
4

1
AN 5 A [— (27—18XH2+8XH3—XH4—18YH2—24XHYH2—2XH2YH2—YH4)]"4,
4

AN1O - G (27—18XH2+8XH3—XH4—18YH2—24XHYH2—2XH2YH2-YH4)]"5,
X1A » (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-VY3)) / 6,

X1A2A 5> X1 (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6,

X1A3A - X1A2 (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6,

X1A4A > X1A3 (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6,

X1A5A » X174 (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6,

X1AMN2 > A (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6,

X1AM3 » AM2 (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6,

X1AM4 » AMN3 (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6,

X1AA5 5> AM4 (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6,
X1A2AM2 5 ((2(3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6 )A2,
X1A3AMN2 - X1 ( (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6 )"2,
X1A4AMN2 - X122 ( (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6 )A2,
X1A2AA3 - A ((2(3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6 )A2,
X1A2AMN4 - AN2 ( (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6 )A2,

X1A3AA3 - ( (2 (3+2XH) YH (X3-X2) + (9-6XH+XHA2-3YHA2) (Y2-Y3)) / 6 )73,

X2A » (2 (3+2XH) YH (X1 -X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6,
X2A2A - X2 (2 (3+2XH) YH (X1-X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6,
X2A3 A - X272 (2 (3+2XH) YH (X1-X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6,

X27A4A - X273 (2 (3+2XH) YH (X1-X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6,

| 11
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X2A5A - X274 (2 (3+2XH) YH (X1-X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6,

X2AM2 5 A (2 (3+2XH) YH (X1-X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6,

X2A7A3 - AMN2 (2 (3+2XH) YH (X1-X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6,

X2AM4 5 AMN3 (2 (3+2XH) YH (X1-X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6,

X2AM5 5 AMN4 (2 (3+2XH) YH (X1-X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6,

X2A2AM2 - ( (2 (3+2XH) YH (X1-X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6 )72,

X2A3AM2 - X2 ( (2 (3+2XH) YH (X1 -X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6 )Ar2,

X2A4AM2 5 X2A2 ( (2 (3+2XH) YH (X1 -X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6 )A2,

X2A2AM3 - A ( (2 (3+2XH) YH (X1 -X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6 )72,

X2A2AM4 - AN2 ( (2 (3+2XH) YH (X1 -X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6 )Ar2,

X2A3AM3 - ( (2 (3+2XH) YH (X1-X3) + (9-6XH+XHA2-3YHA2) (Y3-Y1)) / 6 )73,

X3A » (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6,

X3A2A - X3 (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6,

X3A3A - X372 (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6,

X374 A - X373 (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6,

X3A5A - X374 (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6,

X3AM2 5 A (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6,

X3AM3 5 AMN2 (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6,

X3AM4 5 AMN3 (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6,

X3AA5 5 AMN4 (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6,

X3A2AM2 - ( (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (YL-Y2)) / 6 )72,

X3A3AM2 - X3 ( (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6 )72,

X3A4AM2 - X3A2 ( (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6 )Ar2,
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X3A2AM3 - A ( (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6 )A2,

X3A2AM4 - AMN2 ( (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6 )Ar2,

X3A3A73 - ( (2 (3+2XH) YH (X2-X1) + (9-6XH+XHA2-3YHA2) (Y1-Y2)) / 6 )73,

Y1A » (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6,

Y1A2A - Y1 (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6,

Y1A3A - Y1IA2 (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6,

Y124A - Y123 (2 (3+2XH) YH (Y2-VY3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6,

Y1IAS5A - Y1A4 (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6,

Y1IAM2 » A (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6,

Y1AM3 - AM2 (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6,

Y1AME - AM3 (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6,

Y1AA5 5 AM4 (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6,

YIA2AMN2 5 ( (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6 )A2,

YIA3AM2 o Y1 ( (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6 )72,

Y1A4AN2 o Y182 ( (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6 )72,

Y1A2AM3 5 A ( (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6 )Ar2,

Y1A2AME o AN2 ((2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6 )72,

Y1A3AA3 o ( (2 (3+2XH) YH (Y2-Y3) + (9+6XH-3XHA2+YHA2) (X3-X2)) / 6 )A3,

Y2A » (2 (3+2XH) YH (Y3-Y1)+ (9+6XH-3XHA2+YHA2) (X1-X3)) / 6,

Y2A2A - Y2 (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6,

Y2A3A - Y2A2 (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6,

Y2A4A - Y2A3 (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6,
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Y2A5A - Y284 (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6,

Y2A22 5 A (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6,

Y2A73 o AM2 (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6,

Y2AM4 - AM3 (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6,

Y2AM5 - AM4 (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6,

Y2A2AM2 5 ( (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6 )A2,

Y2A3AM2 5 Y2 ( (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6 )r2,

Y2A4AM2 o Y282 ( (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6 )72,

Y2A2AM3 5 A ( (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6 )Ar2,

Y2A2AM4 5 AN2 ((2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6 )72,

Y2A3AM3 o5 ( (2 (3+2XH) YH (Y3-Y1) + (9+6XH-3XHA2+YHA2) (X1-X3)) / 6 )A3,

Y3A » (2(3+2XH) YH (YL-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6,

Y3A2A - Y3 (2 (3+2XH) YH (Y1-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6,

Y3A3A - Y3482 (2 (3+2XH) YH (Y1-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6,

Y3A4A - Y383 (2 (3+2XH) YH (Y1-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6,

Y3A5A - Y344 (2 (3+2XH) YH (Y1-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6,

Y3A22 5 A (2 (3+2XH) YH (Y1-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6,

Y3AA3 5 AM2 (2 (3+2XH) YH (Y1-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6,

Y3AM4 5 AM3 (2 (3+2XH) YH (YL-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6,

Y3AA5 - AN (2 (3+2XH) YH (YL-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6,

Y3A2AM2 o5 ( (2 (3+2XH) YH (Y1-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6 )A2,

Y3A3AM2 o Y3 ( (2 (3+2XH) YH (Y1 -Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6 )r2,

Y3A4AM2 o Y382 ( (2 (3+2XH) YH (Y1-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6 )72,
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Y3A2AM3 5 A ( (2 (3+2XH) YH (YL-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6 )A2,

Y3A2AM4 5 AN2 ((2 (3+2XH) YH (YL-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6 )A2,

Y3A3AM3 o5 ( (2 (3+2XH) YH (Y1-Y2) + (9+6XH-3XHA2+YHA2) (X2-X1)) / 6 )A3,

XpA2 - (3Xm-XHXm-3YHYm) /2,

Xm*r2 - (3Xp-XHXp-3YHYp) /2,

Xp”r3 »> Xp (3Xm-XHXm-3YHYm) /2,
XmA3 5 Xm (3Xp-XHXp-3YHYp) /2,
Xpr4 > ((3Xm-XHXm-3YHYm) /2)"2,
Xmr4 - ((3Xp-XHXp-3YHYp)/2)"2,
XpA5 - Xp ((3Xm-XHXm-3YHYm) /2)"2,
XmA5 - Xm ((3Xp-XHXp-3YHYp) /2)"2,
Xp"6 > ((3Xm-XHXm-3YHYm) /2)73,
XmA6 » ((3Xp-XHXp-3YHYp) /2)"3,
Ypr2 » - (3Xm+YHYm+ 3 XHXm) /2,
YmA2 - - (3Xp+YHYp+3XHXp) /2,

YpAr3 - Yp * - (3Xm+YHYm+ 3 XHXm) /2,
YmA3 > Ym » - (3Xp+YHYp+3XHXp) /2,
Yp*4 » ((3Xm+YHYm+3XHXm) /2)7r2,
Ym*4 » ((3Xp+YHYp+3XHXp) /2)"2,
YpA5 > Yp ( (3Xm+YHYm+3XHXm) /2)72,
YmA5 > Ym ( (3Xp+YHYp+3XHXp)/2)"2,
Ypr6 » - ((3Xm+YHYm+3XHXm) /2)73,
Ym26 » - ( (3Xp+YHYp+3XHXp) /2)"3,

XpXm - (9-6XH+XHA2-3YHA2) /4,
XmXp > (9-6XH+XHA2-3YHA2) /4,
XpA2Xm - Xp (9-6XH+XHA2-3YHA2) /4,

XmA2Xp - Xm (9-6XH+XHA2-3YHA2) /4,

Xp XmA2 - Xm (9-6XH+XHA2-3YHA2) /4,

XmXpA2 - Xp (9-6XH+XHA2-3YHA2) /4,

XpA3Xm > XpA2 (9-6XH+XHA2-3YHA2) /4,
XmA3Xp —» XmA2 (9-6XH+XHA2-3YHA2) /4,
XpXmA3 - XmA2 (9-6XH+XHA2-3YHA2) /4,
XmXpA3 - XpA2 (9-6XH+XHA2-3YHA2) /4,
XpA4Xm > XpA3 (9-6XH+XHA2-3YHA2) /4,
XmA4Xp -» XmA3 (9-6XH+XHA2-3YHA2) /4,
Xp XmA4 - XmA3 (9-6XH+XHA2-3YHA2) /4,
XmXpA4 - XpA3 (9-6XH+XHA2-3YHA2) /4,
XpA5Xm -» XpA3 (9-6XH+XHA2-3YHA2) /4,
XmA5Xp —» XmA3 (9-6XH+XHA2-3YHA2) /4,
Xp XmA5 - XmA3 (9-6XH+XHA2-3YHA2) /4,

XmXpA5 —» XpA3 (9-6XH+XHA2-3YHA2) /4,
XpA2XmA2 - ( (9-6XH+XHA2-3YHA2) /4)Ar2,
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XmA2 Xpr2
XpA3 Xm~2
XmA3 Xph2
Xpr2 Xm”3
XmA2 XpAn3
Xpr4 Xm"2
Xm~r4 Xph2
Xpr2 Xm™4
XmAr2 Xpr4
XpA3 XmA3
XmA3 Xp™3

>
-
>
-
N
-
N
>
>
>
>

((9-6XH+XHA2-3YHA2) /4) 12,

Xp ((9-6XH+XHA2-3YHA2) /4) 12,
Xm ( (9-6XH+XHA2-3YHA2) /4)r2,
Xm ( (9-6XH+XHA2-3YHA2) /4) A2,
Xp ( (9-6XH+XHA2-3YHA2) /4) 12,
XpA2 ((9-6XH+XHA2-3YHA2) /4) 12,
XmA2 ((9-6XH+XHA2-3YHA2) /4)A2,
XmA2 ((9-6XH+XHA2-3YHA2) /4)Ar2,
XpA2 ((9-6XH+XHA2-3YHA2) /4)A2,
((9-6XH+XHA2-3YHA2) /4) 13,
((9-6XH+XHA2-3YHA2) /4)A3,

YpYm » (9+6XH-3XHA2+YHA2) /4,
YmYp » (9+6XH-3XHA2+YHA2) /4,

Yp (9+6XH-3XHA2+YHA2) /4,
Ym (9 +6 XH-3XHA2 + YHA2) / 4,
Ym (9 +6XH -3 XHA2 + YHA2) / 4,
Yp (9+6XH-3XHA2+YHA2) /4,
YpA2 (9+6XH-3XHA2+YHA2) /4,
YmA2 (9+6XH-3XHA2+YHA2) / 4,
YmA2 (9+6XH-3XHA2+YHA2) /4,
YpA2 (9+6XH-3XHA2+YHA2) /4,
YpA3 (9+6XH-3XHA2+YHA2) /4,
YmA3 (9+6XH-3XHA2+YHA2) /4,
YmA3 (9+6XH-3XHA2+YHA2) /4,
YpA3 (9+6XH-3XHA2+YHA2) /4,
YpA3 (9+6XH-3XHA2+YHA2) /4,
YmA3 (9+6XH-3XHA2+YHA2) /4,
YmA3 (9+6XH-3XHA2+YHA2) /4,
YpA3 (9+6XH-3XHA2+YHA2) /4,

Ypr2Y¥Ym -
Ym~A2Yp
Yp YmA2
YmYp*h2
Yp~A3Ym
Ym~A3Yp
YpYmA3
YmYp"3
Yp™r4Ym
Ym~4 Yp
Yp YmM4
YmYphr4
Yp~A5Y¥Ym
YmA5Yp
Yp YmAS5
YmYpA5 >
Ypr2Y¥Ymh2
YmA2YpAh2
YpA3YmA2
YmA3Yph2
YpAr2Y¥Ym~3
YmA2YpA3
Yp"r4 YmA2
Ym~A4Yph2
Ypr2YmP4
YmA2Yph4
YpA3YmA3
YmA3YpAh3

L R T T S T T 2 e 2

-
-

-

>
N
-
N
-
>
>
>
>

((9+6XH-3XHA2+YHA2) /4) 12,
((9+6XH-3XHA2+YHA2) /4)A2,

Yp ((9+6XH-3XHA2+YHA2) /4) A2,
Ym ( (9+6XH-3XHA2+YHA2) /4) A2,
Ym ( (9+6XH-3XHA2+YHA2) /4) 12,
Yp ((9+6XH-3XHA2+YHA2) /4) A2,
YpA2 ((9+6XH-3XHA2+YHA2) /4) 12,
YmA2 ((9+6XH-3XHA2+YHA2) /4) 12,
YmA2 ((9+6XH-3XHA2+YHA2) /4) 12,
YpA2 ((9+6XH-3XHA2+YHA2) /4) 12,
((9+6XH-3XHA2+YHA2) /4)A3,
((9+6XH-3XHA2+YHA2) /4) 13,

XpYp » (XHYm + YHXm - 3Ym) /2,
YpXp » (XHYm + YHXm - 3Ym) /2,
Xp*2Yp » Xp (XHYm + YHXm - 3Ym) /2,
Yp2r2Xp » Yp (XHYm + YHXm - 3¥Ym) /2,



Xpr3Yp >
Ypr3 Xp -»
Xpr4Yp >
Ypr4 Xp -
XpAr5Yp -»
YpA5Xp -
XpYpr2 »
YpXpr2 >
XpYp”3 -»
Yp Xp"3 -
XpYp"r4 >
Yp Xp"4 >
XpYp~5 >
Yp Xp"5 -»
Xpr2Yph2
YpAr2Xph2
Xpr3Yph2
YpA3 Xph2
Xpr4Yph2
Ypr4 Xph2
Xpr2Yp"3
Ypr2Xp"3
Xptr2Yph4
Ypr2 Xph4
XpAr3Yp~3
YpA3Xp"3

Xp~A2 (XHYm
Yp~r2 (XH Ym
Xp”"3 (XHYm
Yp~A3 (XHYm
Xp"4 (XHYm
Yp~A4 (XHYm

+

+

YH Xm
YH Xm
YH Xm
YH Xm
YH Xm
YH Xm

3Ym) /2,
3vYm) /2,
3Ym) /2,
3vym) /2,
3Ym) /2,
3Y¥Ym) /2,

Yp (XHYm + YHXm - 3Ym) /2,
Xp (XHYm + YHXm - 3¥Ym) /2,

Yp~r2 (XHYm
Xp~A2 (XHYm
YpA3 (XHYm
Xp”"3 (XHYm
YpA4 (XHYm

+

+

+

+

+

YH Xm
YH Xm
YH Xm
YH Xm
YH Xm

Xp"4 (XHYm + YH Xm

-
N
>
>
>
-
>
-
N
>
N
>

3vYm) /2,
3Ym) /2,
3Ym) /2,
3Ym) /2,
3vym) /2,
3Ym) /2,

((XHYm + YHXm - 3Ym) /2)A2,
((XHYm + YHXm - 3Ym) /2) A2,

Xp ( (XHYm + YHXm - 3Ym) /2)A2,
Yp ( (XHYm + YHXm - 3Ym) /2)A2,
XpA2 ((XHYm + YHXm - 3Ym) /2) A2,
YpA2 ((XHYm + YHXm - 3Ym) /2) A2,
Yp ( (XHYm + YHXm - 3Ym) /2)A2,
Xp ( (XHYm + YHXm - 3Ym) /2) A2,
YpA2 ((XHYm + YHXm - 3Ym) /2) A2,
XpA2 ((XHYm + YHXm - 3Ym) /2) A2,
((XHYm + YHXm - 3Ym) /2)A3,
((XHYm + YHXm - 3Ym) /2)A3,

XmYm - (XHYp + YHXp - 3Yp) /2,
YmXm - (XHYp + YHXp - 3Yp) /2,
Xm (XHYp + YHXp - 3Yp) / 2,
Ym (XHYp + YHXp - 3Yp) /2,

XmA2Ym -
YmA2 Xm -
XmA3Ym -»
YmA3 Xm -
Xm*4Ym -
YmA4 Xm -
XmAS5Ym -»
YmAS5 Xm -
XmyYmh2 -
YmXmA2 -
XmYm~A3 -
YmXmA3 >
XmYmh4 -
YmXmAr4 -
XmYmAS -
YmXmA5 -

XmA2 (XHYp
YmA2 (XHYp
XmA3 (XHYp
YmA3 (XHYp
XmA4 (XHYp

+

+

+

+

+

YH Xp
YH Xp
YH Xp
YH Xp
YH Xp

Ym*4 (XHYp + YHXp
Ym (XHYp + YHXp - 3Yp) /2,
Xm (XHYp + YHXp - 3Yp) /2,
YmA2 (XHYp + YHXp - 3Yp) /2,
XmA2 (XHYp + YHXp

Ym~A3 (XHYp
XmA3 (XHYp
Ym*4 (XHYp
XmA4 (XHYp

+

+

+

+

YH Xp
YH Xp
YH Xp
YH Xp

3Yp) /2,
3Yp) /2,
3Yp) /2,
3Yp) /2,
3Yp) /2,
3Yp) /2,

3VYp) /2,
3Yp) /2,
3Yp) /2,
3Yp) /2,
3Yp) /2,

XmA2YmA2 - ( (XHYp + YHXp - 3Yp) /2) 72,
YmA2XmA2 » ( (XHYp + YHXp - 3Yp) /2) 72,

Rieck_JMIV2017_Checks.nb
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XmA3YmA2
YmA3 XmA2
XmAr4YmA2
YmA4 XmA2
XmA2YmA3
YmA2 XmA3
XmA2YmAr4
YmA2 Xm” 4
XmA3YmA3
YmA3 XmA3

Xm ( (XHYp + YHXp - 3Yp) /2) A2,
Ym ( (XHYp + YHXp - 3Yp) /2) A2,
XmA2 ( (XHYp + YHXp - 3Yp) /2) A2,
YmA2 ( (XHYp + YHXp - 3Yp) /2) A2,
Ym ( (XHYp + YHXp - 3VYp) /2) "2,
Xm ( (XHYp + YHXp - 3Yp) /2) A2,
YmA2 ( (XHYp + YHXp - 3Yp) /2) A2,
XmA2 ( (XHYp + YHXp - 3Yp) /2) 72,
((XHYp + YHXp - 3Yp) /2) A3,
((XHYp + YHXp - 3Yp) /2) A3,

L R S S A R e

Xp Ym
Ym Xp
XmYp
Yp Xm
Ym Xp
Xp Ym
Yp Xm
Xm Yp

(2XHYH + 3YH + (0"2-w) A) / 2,
(2XHYH + 3YH + (wh2-w) A) / 2,
(2XHYH + 3YH + (w-wh2) )/ 2,
(2XHYH + 3YH + (w-wh2)4) / 2,
(2XHYH + 3YH + (wh2-w) A) / 2,
(2XHYH + 3YH + (wr2-w) d) / 2,
(2XHYH + 3YH + (w-wh2) ) / 2,
(2XHYH + 3YH + (w-wh2)A)/ 2,

L A 2 T

1
AN2 5 — (27 - 18 XH? + 8 XH® - XH® - 18 YH? - 24 XH YH? - 2 XH? YH? - YH*) ,
4
1 2 2
AXp » — ((1-w) w) (6XpYH+4XHXpYH-9Yp+6XHYp-XH*Yp+3VYH Yp) ,
6
1
AXm 5 — ((1-w) ®) (-6XmYH-4XHXmYH+9Ym-6XHYm+XH* Ym - 3 YH? Ym) ,
6

1
AYp » — ((1-w) w) (9Xp+6XHXp-3XH*Xp +Xp YH? -6 YHYp -4 XHYHYp) ,
6

1
AYm 5> — ((1-w) w) (-9 Xm-6XHXm+3XH? Xm - Xm YH? + 6 YH Ym + 4 XH YH Ym)
6

}s

tweakl = {
X1 - X2-X3,
Yl -Y2-Y3
}s

tweak2 = {
X2 » - X3-X1,
Y25 -Y3-Y1
}s
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tweak3 = {
X3 > - X1-X2,
Y3 > -Y1l-Y2
}s

XYAReduce[e_] :=
Factor [Expand[Factor [Expand[Factor [Expand[e //. XYASubs] //. XYASubs] //. XYASubs] //.
XYASubs] //. XYASubs] //. XYASubs] //. XYASubs

uvESubs = {
XH € v+YHE 1-x2-y?) (1-¢)
X—)“+ , Yo * ,Z—)'\/Z_, Z—>( )
1+¢ 1+¢§ -2¢&

b

unuvESubs = {

“2x+2x3+42xy?+2XxZ+XH-x2XH-y?XH
24 ’
—1+x2+y2+22

“2y+2x2y+2y3+2yZ+YH-x2YH-y?VH

v - ’

—1+x2+y?+22

—1+X2+y2
E» —M8M
—1+x%2+y?422Z

——
e

(*
Lemma 1 Check.
using Weierstrass Subtittuions.
tl = Tan[¢1/2], x1 = Cos[¢#l], Yyl = Sin[¢l], etc.
Since ¢1+¢2+¢3 = 0, have t1 + t2 + t3 = t1 t2 t3.
*)
nii2s:= tSubsSp
. {Xl . 1-t12’ J1o 2t1 2o 1«-t22’
1+t1? 1+t1? 1+t2?
2t2 1-t3? 2 t3 t2 +t3

y2 > , X3 > , Y3 - tl -

, =
1+1t2? 14+1t32 1+t32 —1+t2t3}

| 19
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inr29)= Factor [ {
x1 - (x2x3 - y2y3),
X2 - (x3x1 - y3yl),
X3 - (Xx1x2 - yly2),
yl + (x2y3 + x3y2),
y2 + (x3yl + x1y3),
y3 + (x1y2 + x2yl),
X1 x2x3 - x1y2y3 - x2y3yl - x3yly2 -1,
yly2y3 - yl x2x3 - y2x3 x1 - y3 x1x2
} //. tSubsSp]

outi2g= {0, 0, 0, @, 0, O, O, O}

(*
Lemma 2 Check.

*)
in130:= unXYASubs

out13o)= {XH - X1+ X2 + x3, X1 - 2 x1-x2-x3, X2 > -x1+2x2-x3,
X35 -x1-x2+2x3,YH->yl+y2+y3,Y1l->2yl-y2-y3,Y2>5-yl+2y2-y3,
Y35 -yl-y2+2y3,A->-X2yl+x3yl+x1y2-x3y2-x1y3+x2y3}

in131:= Factor [Factor[{
(X172 + x2722 + x322) - (1 + ((XH-1)7"2-YH"2) /2),
(yl22 + y2722 + y322) - (2 - ((XH-1)"2-YH"2) /2),
(x2x3 + x3x1 + x1x2) - (((XH+1)"2+YH"2) /4 - 1),
(y2y3 + y3yl + yly2) - (((XH-1)7A2+YH"2)/4 - 1),
(Xx1y2+x1y3+x2y3+x2yl+x3yl+x3y2) + YH,
(x1yl + x2y2 + x3y3) - (XH+1) YH,
Xx1x2x3 - ((XH-1)7"2 - YH72) /4,
yly2y3 + ((XH+1) YH) /2,
(x1+1) (x2+1) (x3+1) - (XH+1)"2/2

} //. unXYASubs] //. tSubsSp]

ouia- {0, 0,0, 0,0,0,0,0,0)

(* Lemma 3, Part (i) Check. *)

nfs2;= Factor [Factor [{XH- x1, YH - y1}. {x2 -x3, y2-y3} //. unXYASubs] //. tSubsSp]

out[132]= O

(* Lemma 3, Part (ii) Check. *)
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inj133= DSubs
outizs= {D1 = (x2-x3)%+ (y2-y3)%, D2 > (-x1+x3)?+ (-yl+y3)?, D3 > (x1-x2)+ (yl-y2)?}

in134:= Factor [Factor [Factor[{
D1D2D3 / 16,
(1-x2x3-y2y3)

(1-x3x1-y3yl) (1-x1x2-yly2) / 2, (* TYPO IN PAPER =)
(2D2D3+2D3D1+2D1D2-D17~2-D2”2-D372) / 16,
(x1y2+x2y3+x3yl-x1y3-x2yl-x3y2)"2/ 4,

((x1-x2) (x2-x3) (x3-x1) / YH)*2,
((yl-y2) (y2-y3) (y3-yl) / (XH+1)) "2,
(27 + 8 XH (XHA2 -3 YHA2) - (XHA2 + YHA2) (XHA2+YHA2+18)) / 16
} /. DSubs] //. unXYASubs] //. tSubsSp]
4 (t2-13)2 (-2t2-t3+t22¢3)% (-t2-2t3+t23?%)°

Out[134]= { 9
(1+t22)" (1+t32)°

4 (t2-13)2 (-2t2-t3+t22¢3)% (-t2-2t3+t2t3?%)°

(1+t22)% (1+t3%)°

4 (t2-13)% (-2t2-t3+t22¢3)% (-t2-2t3+t23?%)°

(1+1t22)" (1+132)°

4 (t2-13)2 (-2t2-t3+t22¢3)° (-t2-2t3+t2t3?%)°

(1+t22)% (1+t3%)°

4 (t2-13)% (-2t2-t3+t2? t3)2 (-t2-21t3+1t2 t32)2

(1+1t22)" (1+132)°

4 (t2-13)2 (-2t2-t3+t22¢3)° (-t2-2t3+t2t3?%)°

(1+t22)% (1+t3%)°

4(t2-13)% (-2t2-t3+t22¢3)% (-t2-2t3+t23?%)°

J

(1+t22)" (1+132)°

nissi= Factor [{%[[1]] /%[[2]1], %[[2]1] /%[[3]1],
%[[311/7%[[41], %[[41]1/%[[511, %[[511/%[[6]1, %[[6]1]1/%[[7]1]}]
ouizs- {1, 1,1,1,1, 1}

(* Lemma 4 Check. =x)
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nizel= List = {
X172,
X2 X3,
Y1r2,
Y2Y3,
X1Vv1,
X2Y3,
X3Y2,
X1a,
Yia,
AN2
}

ourse= {X1%, X2 X3, Y1%, Y2Y3, X1 Y1, X2Y3, X3Y2, X14, Y14, A%}

ni137:= Factor[list] /. XYASubs

{

(9+3X1-6XH-X1XH+XH? -3 Y1YH-3VYH?),
(-9+6XH-XH? +3YH? +2 (3X1-X1XH-3Y1VH)),
(9-3X1+6XH-3X1XH-3XH?-V1YH+YH?),
(-9-6XH+3XH? -YH? +2 (-3X1-3X1XH-Y1VH)),
(-3Y1+XHYL+X1LYH+2 (3YH+2XHYH)),
(-3Y1+XHY1-3YH+XLYH-2XHYH+3A),
(-3Y1+XHY1-3YH+X1LYH-2XHYH-34),

(2 (-X2+X3) (3+2XH) YH+ (Y2-V3) (9-6XH+XH? -3 YH?)),

(2 (3+2XH) (Y2-Y3) YH+ (-X2+X3) (9+6XH-3XH?+ YH?)),

(27-18 XH? + 8 XH® - XH* - 18 YH? - 24 XH YH? - 2 XH? YH? - YH4)
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niag= Listl = Factor[ list /. unXYASubs]

oupissl { (2X1-x2-x3)%, (x1+x2-2x3) (x1-2x2+x3), (2yl-y2-y3)?,
(yl+y2-2y3) (y1-2y2+y3), (2x1-x2-x3) (2yl-y2-y3),
(X1 -2x2+x3) (yl+y2-2y3), (X1 +x2-2x3) (yl-2y2+y3),
(2X1-x2-x3) (-x2yl+x3yl+xly2-x3y2-x1y3+x2y3),
- (2yl-y2-y3) (x2yl-x3yl-x1y2+x3y2+x1ly3-x2y3),
(X2 yl-x3yl-x1y2+x3y2+x1y3-x2y3)?}

niagp= List2 = Factor[listl //. tSubsSp]

4 (-t22-4t2t3- 3242122 ¢32)7
o { (1+1t22)% (1+13?%)° ’

b

4 (2% -21t21t3-213%+ 127 t3%) (-21t2%-2t2t3+t3%+ 22 t3?)
(1+12%)% (1+13%)°
4 (t2+13)2 (-3+t21t3)2 41213 (3+122-2121t3) (-3+21t21t3-1t3?)

y - >

(1+1t22)% (1+1t3%)7 (1+1t2%)% (1+1t3%)7

4 (t2+13) (-3+1t21t3) (-t2%-41t21t3-t3%+21t2°t3?)

)

(1+1t2%)% (1+13%)°

413 (3+t22-212 ts) (t22-2t2t3-21t3%+t2° t32)

b

(1+1t2%)% (1+1t32)7

412 (-3+21t21t3-13%) (-21t2%-2t2t3+t3%+ 12 t3?)

b

(1+t22)2 (1+t32)2

8 (t2-1t3) (-2t2-t3+1t22t3) (-t2-21t3+t213%) (-t2°-41t21t3-t3%+2 12 t3?)

(1+1t22)° (1+13%)°

8 (t2-13) (t2+1t3) (-3+1t21t3) (-2t2-1t3+12%13) (-t2-21t3+12t3?)

- )

(1+122)° (1+t3%)°

16 (t2-t3)2 (-2t2-t3+t22¢3)% (-t2-2t3+ t2t32)°

J

(1+t22)% (1+t32)°

b

| 23
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nzie= List3 = Factor [XYAReduce[listl] /. tweak3]

1
outi216]= {f (9+3X1-6XH-XLXH+XH?-3VY1YH-3VYH),

2
1 2 2
— (-9+6X1+6XH-2X1XH-XH*-6Y1YH+3YH),
4
1 2 2
— (9-3X1+6XH-3XLXH-3XH*-Y1YH+VYH?),
2
1 2 2
— (-9-6X1-6XH-6X1XH+3XH> -2 YLYH-YH?),
4
1 1
— (-3YL+XHY1+6YH+X1YH+4XHYH), — (-3YL+XHY1-3YH+X1YH-2XHYH+32),
2 2
1 1 5
— (-3Y1+XHYL-3YH+X1YH-2XHYH-324), — (9Y1-6XHY1+XH*Y1+18Y2-
2 6

12 XHY2+2 XH? Y2 -6 X1 YH-12X2 YH-4 X1 XH YH-8 X2 XH YH-3 Y1 YH* - 6 Y2 YH?),
— (-9 X1-18X2-6X1XH-12X2XH+3 X1 XH?+6X2XH?+6 YL YH+
6

4XHYLYH+12Y2YH+8XHY2YH-X1YH?-2X2VYH?),
1

— (27-18 XH? + 8 XH3 - XH* - 18 YH? - 24 XH YH? - 2 XH? YH%YH“)}
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n217:= List4 = Factor[ list3 /. unXYASubs]

1
out217}= {7 (9-%x1%-9x2+x1x2+2x2*-9x3+x1x3+4x2x3+2x3°-9y1”-9yly2-9yly3),

2

1 2 2 2 2 2 2

— (-9+18x1-5x1%-4x1x2+x2°-4x1x3+2x2x3+x3°-9y1?+9y2?+18y2y3+9y3?),

4

1 2 2 2 2

—(9-9%x1°+9Xx2-9x1x2+9x3-9x1x3-yl?+yly2+2y2°+yly3+4y2y3+2y3?),

2

1 2 2 2 2 2 2 1

— (-9-18x1-9x1%+9x2%°+18x2x3+9x3°-5y1°-4yly2+y2®-4yly3+2y2y3+y3%), —

4 2

(8Xx1yl+5x2y1+5x3yl+9y2+5x1y2+2x2y2+2x3y2+9y3+5x1y3+2x2y3+2x3y3),

1

— (-9yl+2x1yl-4x2y1l+2x3yl+2x1y2-4x2y2-7x3y2-4x1y3-x2y3-4x3y3),

2

1

— (-9yl+2x1yl+2x2yl1-4x3yl-4x1y2-4x2y2-x3y2+2x1y3-7x2y3-4x3y3),

2

1 2 2

—(—6x2yl—4xlx2yl—4x2 y1+6x3yl+4x1x3yl+4x3°yl+9y2-6x1y2+

2
Xx12y2-12x2y2-2x1x2y2-3x2°y2+6x1Lx3y2+2x%x2x3y2+5x3%y2-
3y12y2-6y1y22-3y23-9y3+6x1y3-x12y3-6x1x2y3-5x22y3+12x3y3+
2x1x3y3-2x2x3y3+3x3°y3+3y1?y3-3y2°y3+6yly3®+3y2y3*+3y3?),

1

— (-9x2-6x1x2+3x1*x2-6x2%+6x1x2°+3x2>+9x3+6x1x3-3x1%x3+

2
3x22x3+6x32—6x1x32—3x2x32—3x33—x2y12+x3y12+6y1y2+4xlyly2+
2x2yly2+6x3yly2+6y22+4xly22+3x2y22+5x3y22—6yly3—4xlyly3—
6x2yly3-2x3yly3-2x2y2y3+2x3y2y3-6y3°-4x1y3®-5x2y3?-3x3y3?),

1

— (27 - 18 x1? + 8 x1® - x1* - 36 X1 x2 + 24 x1% x2 - 4 x1° x2 - 18 x2% + 24 x1 x2% - 6 x1% x2° +

4

8 x2% - 4 x1 x2% - x2% - 36 x1 x3 + 24 x1? x3 - 4 x13 x3 - 36 x2 x3 + 48 X1 x2 x3 - 12 x12 x2 x3 +
24 x2% x3 - 12 x1 x2? x3 - 4 x2° x3 - 18 x3% + 24 x1 x3% - 6 x1% x3%2 + 24 x2 x3% - 12 x1 x2 x3? -
6x2%2x3%2+8x3%-4x1x3%-4x2x3%-x3*-18y12-24x1y1?-2x12y1%2-24x2y1?-
4x1x2y12-2x22y1?2-24x3y12-4x1x3yl?-4x2x3y1%-2x3%y12-y1*_-36yly2-
48x1y1y2—4leyly2—48x2y1y2—8xlx2yly2—4x22yly2—48x3yly2—
8xlx3yly2—8x2x3yly2—4x32yly2—4yl3y2—18y22—24xly22—2x12y22—

24 x2y2% -4 x1x2y22-2x2%y2? - 24 x3y2? -4 x1x3y2?-4x2x3y2%-2x3%y2%-
6y12y2? - 4y1y23-y2* - 36yly3-48x1yly3-4x1?2yly3-48x2yly3-8x1x2yly3-
4x22yly3—48x3yly3—8xlx3yly3—8x2x3yly3—4x32y1y3—4yl3y3—36y2y3—
48xly2y3—4xlzy2y3—48x2y2y3—8xlx2y2y3—4x22y2y3—48x3y2y3—
8Xx1x3y2y3-8x2x3y2y3-4x32y2y3-12y12y2y3-12yly22y3-4y23y3-18y32-
24 x1y3%2-2x1%2y32-24x2y3% -4 x1x2y32-2x22y3%-24x3y32-4x1x3y3°-
4x2x3y32—2x32y32—6y12y32—12yly2y32—6y22y32—4yly33—4y2y33—y34)}
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neigl= List5 = Factor[list4 //. tSubsSp]

4 (-t22-4t2t3- 3242122 ¢32)7
e { (1+1t2%)% (1+13?%)° ’

b

4 (t2°-21t21t3-213%+ 127 t3%) (-2t2%-21t2t3+t3%+ 122 t3?)
(1+12%)% (1+13%)°
4 (t2+13)2 (-3 +t21t3)2 41213 (3+122-21t21t3) (-3+21t21t3-1t3?)

y - ’

(1+1t22)% (1+132)7 (1+12%)% (1+132)7

4 (t2+13) (-3+1t21t3) (-t2°-41t21t3-t3%+21t2°t3?)

)

(1+1t2%)% (1+13%)°

413 (3+122-2121t3) (t22-21t2t3-21t3%+t2” t3?)

b

(1+1t22)% (1+1t3%)?

412 (-3+21t21t3-13%) (-21t2%-2t2t3+1t3%+ 12 t3?)

)

(1+1t22)% (1+1t32)?

8 (t2-13) (-2t2-t3+t22t3) (-t2-21t3+1t2t3%) (-t2%-41t2t3-t3%+2 2% t3?)
- 3

(1+t22)° (1+132)°

8 (t2-1t3) (t2+13) (-3+1t21t3) (-2t2-t3+t2°t3) (-t2-21t3+1t2t3?)
- >

(1+122)° (1+132)°

16 (t2-13)% (-2t2-t3+t2213)% (-t2-2t3+ t2t32)7

J

(1+t22)% (1+13%)°

ne19p= Factor[list2 - list5]
out2i9= {0, 0, 6, 0, 0, 0, 0, 0, O, O}

(» Lemma 5 Check. =*)

in44p= H = 1 -¢c172-¢c222-¢c372+2clc2c3 (* H = n"2 «)

out[144]= 1 — cl>-c22+2clc2c3-c3?
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inf145= Factor [Factor [Factor[Factor[Factor[ {
D1 - ((x2-x3)"2+ (y2-y3)"2),
D1 - 2 (1-x2x3 - y2y3),
Rl - (1 -2 (x1x+yly) + x"2+yr2+2z72),
(R2+R3-D1) / 2 -
((Xx=-%x2) (x=-x3) +(Yy-Yy2) (y-y3)+z"2), (* TYPO IN PAPER =)
4R1R2R3H - D1D2D3 272,
4R1R2R3 c172 - R1 (R2+R3-D1) 72 ,
8R1R2R3clc2c3 - (R2+R3-D1) (R3+R1-D2) (R1+R2-D3) ,
cl”2 / H - R1(R2+R3-D1)A2 / (D1D2D3z"2) ,
clc2c3 /H - (R2+R3-D1) (R3+R1-D2) (RL+R2-D3) / (2D1D2D3 z"2)
} /. cSubs] /. r2RSubs] /. DRSubs] /. Z- z"2] /. tSubsSp]
ouft4s- {0, @, @, 0, @, 6, 0, 0, O}

(* Lemma 6 Check. )

inf146:= Factor [Factor [Factor[Factor[ {

x1 - (XH+X1) /3,

yl - (YH+Y1) /3,

(L-x1) yl - ((3-XH) Yl - YHX1- 2XHVYH) / 6,

(L+x1) x1 - ((3+XH) X1 - YHY1 + XHA2 - YH*2 + 3) / 6,

D1 - ((9-XHA2-YHA2) + 2 (XHX1+YHY1))/ 3,

Rl1 - (L+XxM2+y"2+2z72 - 2 ((XH+X1) x+ (YH+Y1)y)/3),

(R2 + R3 -D1) - (2 (x"2+y"2+2z72)-1 +

(2 (X1 -2XH) x+2 (Y1-2YH) y+ (XHA2 +YHA2-2XHX1-2YHY1)) /3)
} /. DRSubs] /. Z-» z"2] /. unXYASubs ] //. tSubsSp]

out46- {0, 0, @, 0, 0, 0, O}

(* Lemma 7 Check. =)

nz20i= Factor [ XYAReduce[Factor [Factor[ {
R1 R2 R3
} /. DRSubs] /. Z - zA2]] /. tweak3]
ouzeof= {1-2 x>+ x® -2 x XH+2x? XH+2 x* XH -2 x* XH + x* XH? - 2 x* XH? + x* XH? + 6 x y? + 3 x* y? -
2XHY? -4 x3XHy? + XH2 y2 -2 x XH? y? + 2 x> XH? y? + 3 x2 y* — 2 XHy* -2 x XH y* +
XH2y* +y® -2y YH-4xyYH-4x3yYH-2x"YyYH+4 x> XHYYH-4xy3YH-4x®>y> YH+
4XHY3YH-2y® YH+x2 YH? + 2 x3 YH? + x* YH? + y2 YH? + 2 x y? YH? + 2 x? y? YH? + y* YH? +
322+3x222+3x422—4xXHz2+2x2Xsz—4x3Xsz+x2XH222+3y222+6x2y222—
2XHy222—4xXHy222+XH2y222+3y422—4yYH22—4nysz—4x2yYsz—
4y3YHz2+x2YH222+y2YH222+3z4+3x224—2xXHz4+3yzz4—2yYHz4+ze}

nie21= Factor [CoefficientList[%, {z, Yy, X}]]

| 27
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{1, -2 XH, 2XH + XH? + YH?, -2 (1 +XH? - YH?), 2 XH + XH? + YH?, -2 XH, 1},
{-2YH, -4YH, 4XHYH, -4 YH, -2 YH, 0, 0},
{-2XH+XH? + YH?, -2 (-3 + XH? - YH?), 2 (XH? + YH?), -4 XH, 3, 0, 0},
{4XHYH, -4YH, -4YH, 0, 0, 0, 0},
{-2XH+XH? + YH?, -2 XH, 3, 0, 0, 0, 0},
{-2YH, 0, 0,0, 0, 0, 0},
{1, 0,0, 0,0, 0, 0}

}s {

{e, 0, 0,0, 0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}, {06,0,0,0,0,0, 0},
(e, 0, 0, 0, o, 0, 0}, {0, 0,0, 0,0, 0, 0}, {0,0,0,0,0,0,0}

b {

{3, -4 XH, 3+2XH+XH? + YH?, -4 XH, 3, 0, 0},
{-4YH, -4YH, -4YH, 0, 0, 0, 0},
{3-2XH+XH?> +YH?, -4 XH, 6, 0, 0, 0, 0},
{-4YH, 0, 0,0, 0,0, 0},
{(3,0,0,0,0, 0,0},
{0, 0,0,0,0,0,0},

}s A

{0, 0,0, 0, 0,0, 0},
{6, 0,0,0,0,0,0},

by {

{3, -2XH, 3,0, 0, 0,
{-2YH, 0,0, 0,0, 0,
{3’ 0’ 0’

{0’
{0’
by {
{0,

{0, 0

}s {
{1,
{0’
{0’

o,
o,

0,
0,
o,

o,
0,
o,

0,
o,
o,

0},

0},
0},

0},
0},

0},
0},
0},

{0,

{0,
{0,

0},

0},

{0,

{0,
{0,

{0, 0
{0, 0

o,

0,

o,

0,

0,

0,

0,

0},
0},

0},
0},

0},
0},

{0,
{0,

{0,

{0,
{0,

{0, 0

{0,

o,

©, 0}, {6, 0,0, 0,0,0, 0},
0, 0}

0, 0}
°, 0}, {0, 0,0, 0,0,0,0},

0, 0}

0, 0},
0, 0}}
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nz22- Factor [ XYAReduce[Factor [Factor[ {
(R2 +R3-D1) (R3+R1-D2) (R1+R2-D3)
} /. DRSubs] /. Z-z"2]] /. tweak3]
ouzeze {-1+9x%+2x>-18x% +8x%-10 x XH -8 x* XH+ 30 x> XH + 4 x* XH - 16 x° XH + 4 XH? + 10 x XH? -
18 x? XH? - 10 x> XH? + 14 x* XH? - 4 XH? + 2 x XH® + 8 x® XH® - 6 x> XH® + XH* - 2 x XH* +
xzXH4+9y2—6xy2—36x2y2+24x4y2+8XHy2+3OxXHy2—32x3XHyZ—lOXszz—
2X XH2y2 + 20 x2 XH? y? -6 x XH3 y2 + XH* y? - 18 y* + 24 x> y* — 4 XHy* - 16 x XH y* +
6XH?y* +8y® - 10y YH+16 Xy YH+30 x>y YH-8x3yYH-16x*y YH-20XHYy YH -
16 X XHY YH+16 x> XHYy YH+ 16 x3XHY YH + 2 XH? y YH- 8 x XH? y YH - 6 x> XH? y YH +
4XH Yy YH+30y3  YH-8xy3YH-32x?>y3YH+ 16 XHy® YH + 16 x XH y® YH - 6 XH? y3 YH -
16 y® YH+ 4 YH? - 10 x YH? - 10 x® YH? + 6 x® YH? + 6 x* YH? + 12 XH YH? + 2 x XH YH? -
8 x2 XH YH? - 6 x> XH YH? + 2 XH? YH? + 2 x® XH? YH? - 18 y? YH? + 14 x y? YH? + 20 x? y? YH? -
16 XHy2 YH? -6 x XHYy? YH? + 2 XH? y? YH? + 14 y* YH? + 2 y YH® -8 x y YH® - 6 x? y YH® +
AXHYYH -6y  YH3 + YH* + 2 x YH* + x2 YH* + y2 YH* + 6 22 - 30 x2 22 + 24 x* 22 + 28 x XH z% +
4x2XHz%-32x3 XH z% - 10 XH? 22 - 8 x XH? 2% + 18 x? XH? z% + 4 XH® z? - 4 x XH® 2% -
30y2z2+48x%2y? 22— 4XHY? 22 - 32 xXHy? 22 + 10 XH? y? 2 + 24 y* z? + 28 y YH z* -
8XyYHZz?2-32x2yYHZz?2+16XHY YHZz2+16 x XHy YHz? -4 XH2 y YH z2 - 32 y3 YH 2% -
10 YH2 22 + 8 x YH? z2 + 10 x? YH? 22 - 12 XH YH? 22 - 4 x XH YH? 22 + 18 y2 YH? 2% -
4yYH z? - 122+ 24 x> 2% - 16 x XHz* + 4 XH? z* + 24 y?* 2% - 16 y YHz* + 4 YH? 2% + 8 2°}

nie2s;= Factor [CoefficientList[%, {z, Y, X}]]

{
{
{

{-1+4XH?-4XH® + XH* + 4 YH? + 12 XH YH? + 2 XH? YH? + YH*, -2 (-XH + XH? - YH?)
(-5+XH? + YH?) , 9 - 8 XH - 18 XH? + 8 XH® + XH* - 10 YH? - 8 XH YH? + 2 XH? YH? + YH?,
-2 (-1-15XH+5XH? +3XH> -3 YH? + 3XHYH?), 2 (-9+2XH + 7 XH? + 3YH?), -16 XH, 8},
{2 (1+2XH) YH (-5+XH? + YH?), -8 YH (-2 +2 XH + XH? + YH?) ,
-2YH (-15-8XH+3 XH?> +3YH?), 8 (-1+2XH) YH, -16 YH, 0, 0},
{9 + 8 XH - 10 XH? + XH® - 18 YH? - 16 XH YH? + 2 XH? YH? + YH*,
-2 (3-15XH+XH? + 3XH® - 7 YH? + 3XH YH?), 4 (-9 +5 XH? + 5YH?), -32 XH, 24, 0, 0},
{-2YH (-15-8XH+3XH? +3YH?), 8 (-1+2XH) YH, -32VYH, 0, 0, 0, 0},
{2 (-9-2XH+3XH?+7YH?), -16 XH, 24, 0, 0, 0, 0},
{-16 YH, 06, 0, 0, 0, O, 0},
{(8,0,0,0,0,0,0}
}s A
(¢, 0, 0,0, 0, 0, 0}, {6, 0,0, 06,0, 0, 0}, {0,0,0,0,0,0,0}, {6,0,0,0,0,0,0},
{0, 0, 0, 0, 0, 0, 0}, {6, 0, 0, 6, 0, 6, 0}, {0, 0, 0,0, 0, 0, 0}
b {
{2 (3-5XH?> + 2 XH® - 5 YH? - 6 XH YH?) ,
-4 (-7 XH+2XH? + XH® - 2 YH? + XHYH?) , 2 (-15+ 2 XH + 9 XH? + 5 YH?) , -32 XH, 24, 0, 0},
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{-4YH (-7-4XH+XH? +YH?), 8 (-1+2XH) YH, -32VH, 0, 0, 0, 0},

{2 (-15-2XH+5XH? + 9 YH?), -32 XH, 48, 0, 0, 0, 0},

{-32YH, 0,0, 0, 0, 0, 0},

{24, 0,0, 0, 0, 0, 0},

{¢,0,0,0,0,0,0}, {6,0,0,0,0,0,0}
}s £

(e, 0, 0, 0, 0, 0, 0}, {0, 6, 0, 6, 0, @, 0}, {0, 0, 6,0, 0, 0, 0}, {6, 0,0, 0,0, 0, 0},

{e, 0, 0,0, 0,0, 0}, {06,0,0,0,0,0, 0}, {06,0,0,0,0,0, 0}
}s {

{4 (-3+XH?+YH?), -16 XH, 24, 0, 0, 0, 0},

{-16 YH, 0, 0, 0, 0, O, 0},

{24, 0,0, 0, 0,0, 0},

{0, 0,0,0,0,0,0},

(e, 0, 0, 0, 0, 0, 0}, {6, 6, 0, 6, 0, O, 0}, {0, 0, 0,0, 0, 0, 0}
}s {

{¢, 0, 0,0,o0,0, 0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0},

(¢, 0, 0, 0, 0, 0, 0}, {6, 0,0, 6, 0, 6, 0}, {0, 0, 0,0, 0, 0, 0}
3y {

{8,0,0,0,0,0,0},

(¢, 0, 0,0, 0, 0, 0}, {06, 0,0, 0,0,0,0}, {6,0,0,0,0,0,0},

(e, 0, 0, 0, 0, 0, 0}, {0, 6, 0, 0, 0, 6, 0}, {0, 0, 0,0, 0, 0, 0}}

(» Lemma 8 Check. =)

ineas)= Factor [
Factor[ Factor[ Factor[ (a+Bclc2c3 +ylcl?2+y2c2”22+¥3c3"2) / H /. cSubs] /.
r2RSubs] /. DRSubs] /. Z-» z72]

(x®a-2x>xloa+x*x1?a-2x>x2a+4x*x1x2a-
2x3x12x2 0+ x*x22a-2x3x1x2%a+ +x3%2 2% y3+3y2 24 y3 -
w258 2yyl247(3—2yy224>(3+2y1y2z4y3—2yy324y3+y32z4y3+267(3)/
((x2yl-x3yl-x1y2+x3y2+x1y3-x2y3)?2?)

large output show less show more show all set size limit...
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Out[242]=
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In[244]:=

Out[244]=

In[245]:=

Out[245]=

In[246]:=

Out[246]=
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{Numerator[%], Denominator[%]}

{x6a—2x5xloz+x4xlza—zx5x2a+4x4xlx2a—2x3xlzx2a+x4x22a7

2x3 X1 x2%2 o+ x2x12x22 -2 x> x3a+4x*x1x3a-2x3x12x3a+4x*x2x3a-

8 x3x1x2x3a+ +2yly2y3222y3+3x22z%y3-2xx1z*y3-2xx22z*%y3+
2x1x2z%y3-2xx3z*y3+x32z%¥y3+3y?2z*y3-2yylz*y3-2yy2z*y3+
2yly22z*y3-2yy3z*y3+y322*y3+2°y3, ( 2 }

large output show less show more show all set size limit...

Factor[CoefficientList[%, z]]
{{ }r {0, 0, (x2yl-x3yl-x1y2+x3y2+x1y3-x2y3)?}}

large output show less show more show all set size limit...

{Length[%[[1]]], Length[%[[2]]1]}
{7, 3}

Factor[%%[[1]1[[7]]1 z"4 / %%[[2]]1[[3]]]

z4 (a+B+yl+vy2+y3)

(x2yl-x3yl-x1y2+x3y2+x1y3-x2y3)2

Factor [ XYAReduce| (x2yl-x3yl-x1y2+x3y2+x1y3-x2y3)? /. DSubs] /. tweak3]

1
— (27-18 XH? + 8 XH® - XH* - 18 YH? - 24 XH YH? - 2 XH? YH? - YH*)
4

Factor[ XYAReduce[ D1D2D3 / 4 /. DSubs] /. tweak3]

1
— (27-18 XH? + 8 XH® - XH* - 18 YH? - 24 XH YH? - 2 XH? YH? - YH4)
4

Factor [%% - %]
0]

(* Lemma 9 Check. )

Factor [

Factor[ Factor[ Factor[ (B (c1lc2c3-1) +¥1 (c172-1) +y2 (c222-1) +¥3 (c322-1)) /

H /. cSubs] /. r2RSubs] /. DRSubs] /. Z- z"2]
~((x*x22y? B-x® x1x2y? B-x x1* x2y? B+ x* x22 y* B - x x1 x2? y* B+ x1% x2° y* 3 -
x2x1x3y2/3—xx12x3y2[3’—x2x2x3y2/3+6xxlx2x3y2[3’—xlzx2x3y2/3—
xx22x3y25—xlx22x3y2/3+x2x32y2/3—xxlx32y25+x12x32y2/3—xx2x32y2/3—
x1x2x32y26+x22x32y2/3+x12y4B—x1x2y4/3+x22y4B—xlx3y4/3—x2x3y4B+
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x32y4/3—2x3xlyyl/3+x3x2yy1/3+3x2x1x2yyl/3—x2x22yy1/3—xxlx22yyl/3+
x3x3yyl/3+3x2xlx3yyl/3—4x2x2x3yyl/3—4xxlx2x3yyl/3+3xx22x3yyl/3+
x1x22x3yy16—x2x32yyl/3—xxlx32yyl/3+3xx2x32yyl/3+xlx2x32yy16—
2x22x3%yy1B-2xx1y3ylpR+xx2y3ylB+x1x2y3ylB-2x22y3ylB+xx3y>ylpB+
xlx3y3yl/3+2x2x3y3yl/3—2x32y3yl/3+x4y12/3—2x3x2y12/3+x2x22y12/3—
2x3x3y12B+4x2x2x3y12p-2xx2%2x3y1?2B+x*x3%2y123-2xx2x32y12B+
x22x32y12/3+x2y2y12B—xx2y2y126+x22y2y12/3—xx3y2y126—x2x3y2y12/3+
x32y2y126+x3xlyy2B—x2xlzyy26—2x3x2yy26+3x2x1x2yy2B—
xx12x2yy2/3+x3x3yy2/3—4x2xlx3yy2/3+3xx12x3yy2/3+3x2x2x3yy2/3—
4xxlx2x3yy2/3+x12x2x3yy2@—x2x32yy26+3xxlx32yy25—2x12x32yy2/3—
XX2x3%2yy2B+x1lx2x3%2yy2B+xx1ly3 y2B-2x12y3y2pB3-2xx2y3y2p3+
xlx2y3y2/3+xx3y3y2/3+2xlx3y3y2/3+x2x3y3y2/3—2x32y3y2/3—x4yly2/3+
x3x1yly2B+x3x2yly2pB-x2x1x2yly2B+2x3x3yly2pB-2x2x1x3yly2p3-
2x2x2x3y1y26+2xx1x2x3y1y26—x2x32yly2/3+xx1x32y1y26+xx2x32yly2/3—
xlx2x32yly26—x2y2y1y26+3xxly2yly2[3’+3xx2y2yly26—x1x2y2y1y25—
4xx3yzyly2/3—2xlx3y2yly2/3—2x2x3y2yly2/3+4x32y2y1y2/3—x2yy12y2/3—
xx2yy12y2/3+3xx3yy12y2/3+x2x3yy12y26—2x32yy12y2/3+x4y22/3—
2x3xly225+x2x12y22/3—2x3x3y22[5+4x2xlx3y225—2xx12x3y225+x2x32y225—
2xxlx32y22/3+x12x32y22/3+x2y2y22/3—xxly2y22/3+x12y2y22[3’—xx3y2y22/3—
xlx3y2y22/3+x32y2y22B—xzyyly22/3—xxlyyly228+3xx3yyly22/3+
x1x3yy1y226—2x32yyly22/3+x2y12y22672xx3y12y22/3+x32y12y22/3+
XEx1yy3B-x2x12yy3B+x3x2yy3B-4x>x1x2yy3B8+3xx12x2yy3p-
x2x22yy3/3+3xxlx22yy3/3—2x12x22yy3/3—2x3x3yy3/3+3x2xlx3yy3[3—
xx12x3yy3B+3x2x2x3yy3/3—4xxlx2x3yy3/3+x12x2x3yy357xx22x3yy36+
x1x22x3yy3B+xxly3y35—2x12y3y3/3+xx2y3y3/3+2x1x2y3y3/3—2x22y3y3B—
2xx3y3y35+x1x3y3y35+x2x3y3y3B—x4yly3B+x3xlyly3B+2x3x2yly3B—
2x2x1x2yly3B-x2x22yly3B+xx1x22yly3B+x3x3yly3pB-x2x1x3yly3pB-
2x2x2x3yly3/3+2xxlx2x3yly3B+xx22x3yly3/3—xlx22x3yly3/3—
x2y?yly3B+3xx1y?yly3pB-4xx2y?yly3B-2x1x2y?>yly3B+4x2%y?>yly3B+
3xx3y2yly3/3—x1x3y2yly3/3—2x2x3y2yly3/3—x2yy12y3/3+3xx2yy12y3/3—
2x2°yy1l?y3B-xx3yyl?y3B+x2x3yyl?y3B-x*y2y3B8+2x3x1y2y3p3-
x2x12y2y36+x3x2y2y35—2x2xlx2y2y36+xx12x2y2y3/3+x3x3y2y3ﬁ—
2x2xlx3y2y35+xx12x3y2y3B—x2x2x3y2y3B+2xx1x2x3y2y36—
x12x2x3y2y3/3—x2y2y2y3/3—4xxly2y2y3/3+4x12y2y2y3/3+3xx2y2y2y3/3—
2xlx2y2y2y3/3+3xx3y2y2y3/3—2xlx3y2y2y3B—x2x3y2y2y3/3+6x2yyly2y3/3—
Axx1lyyly2y3B3-4xx2yyly2y338+2x1x2yyly2y33-4xx3yyly2y33+
2xlx3yyly2y3/3+2x2x3yy1y2y3B—x2y12y2y3/3+xx2y12y2y3/3+
Xx3yl?2y2y3pB-x2x3yl?2y2y3B-x>yy22y3B+3xxlyy22y3pB-2x12yy22y33-
xx3yy22y3/3+xlx3yy22y3/3—x2yly22y3B+xx1yly22y3/3+xx3y1y22y36—
xlx3yly22y3[5+x4y325—2x3x1y325+x2x12y326—2x3x2y32B+4x2xlx2y32B—
2xx12x2y32/3+x2x22y32/3—2xxlx22y32/3+x12x22y32/3+x2y2y32/3—xx1y2y32/3+
x12y2y32/3—xx2y2y32/3—x1x2y2y32B+x22yzy32/3—x2yyly32[j—xxlyyly32/3+
3xx2yyly32/3+xlx2yyly326—2x22yyly325+x2y12y326—2xx2y12y326+
x22y12y32B—x2yy2y325+3xxlyy2y326—2x12yy2y326—xx2yy2y32/3+
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xlx2yy2y32/3—x2yly2y32/3+xxlyly2y32/3+xx2yly2y32/3—xlx2yly2y32/3+
x2y22y32/3—2xxly22y32/3+x12y22y32/3+x2x12ZZB—x2x1x222/3—xx12x2226+
x2x2222/3—xx1x22226+x12x2222/3—x2x1x322B—xx12x3226—x2x2x3226+
6XX1Xx2x322B-x12x2x3Z2B-xx22x32%2B-x1Lx2?>x32z2B3+x*>x3%2%p3-
xxlx3222/3+x12x32zZB—xx2x3222/3—xlx2x3222/3+x22x3222/3+2x12y2226—
2xlx2y222/3+2x22y222/3—2xlx3y222/3—2x2x3y2226+2x32y222/3—
2xxlyylzzﬁ+xx2yy122B+xlx2yyl22B—2x22yy1225+xx3yy122/3+
xlx3yyl22[5+2x2x3yylzZB—2x32yy122/3+2x2y12225—2xx2y12226+
x22y1222/3—2xx3y1222/3+x32y1222/3+y2y1222/3+xxlyy222/3—2x12yy222/3—
2xx2yy2zZB+xlx2yy222/3+xx3yy2225+2x1x3yy222/3+x2x3yy2z2[j—
2x3%yy2z2B-2x>yly2z2B+xx1yly2z>B+xx2yly2z?>B+2xx3yly2z?p-
xlx3yly222/3—x2x3y1y222/3—y2yly2zz/3—yy12y222/3+2x2y2222/3—
2xxly2222/3+x12y22226—2xx3y2222/3+x32y22zz/3+y2y22225—yy1y2222/3+
y12y22zzﬁ+xxlyy3226—2x12yy3zzB+xx2yy322/3+2x1x2yy322/3—
2x22yy3225—2xx3yy322B+xlx3yy3226+x2x3yy3225—2x2yly3226+
xxlyly322/3+2xx2yly3ZZB—xlx2y1y322/3+xx3yly322/3—x2x3y1y322/3—
y2yly322B—yy12y3225—2x2y2y322B+2xxly2y322/3+xx2y2y322/3—
xlx2y2y3225+xx3y2y3225—x1x3y2y322B—y2y2y3225+6yy1y2y3226—
ylzy2y322/3—yy22y322/3—y1y22y322[3’+2x2y3222/3—2xx1y3222/3+x12y3222/3—
2xx2y3222/3+x22y3222/3+y2y32ZZB—yyly3222/3+y12y32226—yy2y3222/3—
y1y2y32226+y22y3222/3+x12Z4B—xlx224/3+x22z4B—xlx3z4/3—x2x3z4B+
x32z*B+y1?2z* B-yly2z* B+y22z* B-yly3z*B-y2y3z*B+y32z* B+ x? x22y?yl-
2xxlx22y2yl+x12x22y2yl—2x2x2x3y2yl+4xxlx2x3y2yl—2x12x2x3y2yl+
x2x32y2y1—2xxlx32y2y1+x12x32y2y1+x22y4y1—2x2x3y4yl+x32y4yl—
2x22y ylv1+4x2x3y3ylyl-2x32y3ylyl+x22y?y12y1-2x2x3y?y1%yl+
x32y2y12yl—2x3x2yy2yl+4x2x1x2yy2yl—2xx12x2yy2y1+2x3x3yy2yl—
4x2xlx3yy2yl+2xx12x3yy2yl+2x2x2x3yy2yl—4xxlx2x3yy2yl+
2x12x2x3yy2yl-2x?x32yy2yl+4xx1x3%yy2yl-2x1*x32yy2yl-
2xx2y3y2y1+2xx3y3y2y1+2x2x3y3y2y1-2x3%2y3y2yl+4xx2y?yly2yl-
4xx3y2y1y2yl—4x2x3y2yly2yl+4x32y2yly2yl—2xx2yy12y2yl+
2xx3yyl?y2y1+2x2x3yyl?y2y1-2x32yy1?y2y1l+x*y22y1-2x3x1y2%y1+
x2 x12y22 y1 -2 x3 x3y22y1+4x2x1 x3y2%2y1-2xx1%2x3y2%yl+x?x32y2%yl-

2 x x1 x32 y22 v1 +x1% x3? y22 vl + x? y2 y22 ¥1-2xx3 y2 y22 ¥1 + x3? y2 y22 yl-
2x2yyly22yl+4xx3yyly22yl—2x32yyly22yl+x2y12y22y1—2xx3y12y22y1+
x32y12y22y1+2x3x2yy3y1-4x*x1x2yy3yl+2xx12x2yy3yl-2x*x2°yy3yl+
4xx1x22yy3y1-2x1?2x22yy3y1-2x3x3yy3yl+4x®>x1lx3yy3yl-
2xx12x3yy3yl+2x2x2x3yy3y1—4xx1x2x3yy3yl+2x12x2x3yy3>(l+
2xx2y3y3y1-2x22y3y3y1-2xx3y3y3y1l+2x2x3y y3yl-4xx2y>yly3yl+
4x2%y?yly3yl+4xx3y>yly3yl-4x2x3y?yly3yl+2xx2yyl?y3yl-
2x22yy12y37/1—2xx3yy12y3yl+2x2x3yylzy3y1—2x4y2y3yl+4x3xly2y3yl—
2x2x12y2y37/1+2x3x2y2y37{l—4x2xlx2y2y3yl+2xx12x2y2y3yl+
2x3x3y2y3y1-4x*x1x3y2y3yl+2xx1*x3y2y3y1l-2x>x2x3y2y3yl+
4xx1x2x3y2y3yl-2x1>x2x3y2y3y1-2x?y?y2y3y1l+2xx2y?y2y3yl+
2xx3y2y2y3>(l—2x2x3y2y2y37(l+4x2yyly2y3yl—4xx2yyly2y3wfl—
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4xx3yyly2y37(l+4x2x3yy1y2y37(1—2xzy12y2y3yl+2xx2y12y2y3yl+
2xx3y12y2y3y1-2x2x3y12y2y3yl+x*y32y1-2x3x1y3%2yl+x?x12y3%2yl-
2x3x2y3%2y1+4x2x1x2y3%2y1-2xx1%2x2y3%2y1l+x?x22y3%2y1-2xx1x22y3%2y1+
x12 x22y32 y1+x?y?y32y1-2xx2y?y32 vyl +x22y?y32y1-2x2yyly3?yl+
4xx2yyly32yl—2x22yyly32yl+x2y12y32yl—2xx2y12y32y1+x22y12y32y1+
x2x2222y1—2xx1x2222y1+x12x2222y1—2x2x2x3zzyl+4xxlx2x3zzyl—
2x12x2x3227/1+x2x32zzyl—2xxlx32227/1+x12x32227/1+2x22y2227(1—
4x2x3y22271+2x32y222y1—2x22yylzzyl+4x2x3yylzzyl—2x32yy12271+
x22ylzzzyl—zx2x3y1222y1+x32y122271—2xx2yy222yl+2xx3yy2zzyl+
2x2x3yy222y1—2x32yy222y1+2x2y2222y1—2xxly2222y1+x12y2222y1—
2xx3y22 22 y1+x3%2y22 22 y1+y?y22 22 y1-2yyly22 22 y1+y1?y22 22 y1 +
2xx2yy322yl—2x22yy3227(1—2xx3yy3zzyl+2x2x3yy3zzyl—4x2y2y3zzyl+
4xx1y2y3z2y1-2x12y2y3 22yl +2xx2y2y3z2y1l+2xx3y2y3z2yl-
2Xx2x3y2y3z2y1-2y?y2y3z2yl+4yyly2y3z>yl-2y1?y2y3z2yl+
2x2y32223{1—2xx1y32zzy1+x12y3222y1—2xx2y3222yl+x22y3222yl+
y2y32zzyl—2yyly3222y1+y12y3222y1+x22z4yl—2x2x3z4yl+x32z4yl+
y2224y1—2y2y3z4y1+y32z4yl+x2x12y2y2—2xx12x2y27/2+x12x22y27/2—
2x2xlx3y2y2+4xxlx2x3y2y2—2xlx22x3y27/2+x2x32y27(2—2xx2x32y2y2+
x22x32y2y2+x12y47(2—2xlx3y4y2+x32y4>{2—2x3xlyyly2+4x2xlx2yyly2—
2xxlx22yyly2+2x3x3yyly2+2x2xlx3yyly2—4x2x2x3yyly2—
4xX1x2x3yyly2+2xx2°x3yyly2+2x1x22x3yyly2-2x*>x32yyly2+
4xx2x3%2yyly2-2x22x32yyly2-2xx1y3yly2+2xx3y3yly2+2x1x3y3yly2-
2x32y3y1y2+x4y12y2—2x3x2y12y2+x2x22y127(2—2x3x3y1272+4x2x2x3y12y2—
2xx22x3y1%y2 + x> x32y1? y2 - 2 x x2 x3% y1%2 y2 + x22 x3% y12 y2 + x> y? y1? y2 -
2xx3y?y12y2+x32y?y1?2y2-2x12y y2y2+4x1x3y> y2y2-2x3%y3y2y2+
4xxly2y1y2>(2—4xx3y2yly2y2—4xlx3y2yly27(2+4x32y2y1y27/2—
2x2yy12y2y2+4xx3yyl?y2y2-2x32yyl?y2y2 +x1%2y?y22y2 -2 x1x3y?y22y2+
x32y2y22y2 -2 xx1yyly22v2+2xx3yyly22y2+2x1x3yyly22y2-
2x3%yyly2?y2 +x?2y12y22y2 -2 xx3y1?y22y2 +x3%2y1%2y22y2+2x3x1yy3vy2-
2x2xlzyy3y2—4x2xlx2yy3y2+4xx12x2yy37(2+2xxlx22yy37(2—
2x12x22yy3y2—2x3x3yy3y2+2x2xlx3yy3y2+4x2x2x3yy3y2f
4xX1LXx2x3yy3y2-2xx22x3yy3y2+2x1x22x3yy3y2+2xx1y3y3y2-
2x12y3y37/2—2xx3y3y37/2+2xlx3y3y3>(2—2x4y1y37(2+2x3xlyly3>{2+
4x3x2yly3y2—4x2xlx2yly3y2—2x2x22yly3y2+2xxlx22yly3y2+
2x3x3yly3y2-2x?x1x3yly3y2-4x?>x2x3yly3y2+4xx1x2x3yly3y2+
2xx22x3yly3¥2-2x1x22x3yly3y2-2x?y?yly3vy2+2xx1y?>yly3y2+
2xx3y2y1y3y2—2xlx3y2y1y37(2—4xxly2y2y3y2+4x12y2y2y3y2+
4xx3y2y2y3y2-4x1x3y?y2y3y2+4x2yyly2y3y2-4xxlyyly2y3y2-
4xx3yyly2y3y2+4x1x3yyly2y3y2+2xx1yy22y3y2-2x12yy22y3y2-
2xx3yy22y37(2+2xlx3yy22y37(2—2x2yly22y37(2+2xxlyly22y3>/2+
2xx3yly22y372—2xlx3yly22y372+x4y32y2—2x3xly327(2+x2x12y327(2—
2x3x2y3%y2+4x? x1x2y32¥2-2xx1?x2y3%y2 + x> x22 y32 y2 -2 x x1 x2% y3% y2 +
x12 x22 y32y2+x2 y2 y32>/2—2xxly2 y32y2+xl2 y2 y32y2—2x2yy2y327/2+
4xxlyy2y32>(2—2x12yy2y327(2+x2y22y327(2—2xxly22y32y2+x12y22y32y2+
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x2x1222y2—2xxlzx222y2+x12x2222y2—2x2xlx322y2+4xxlx2x32272—
2xlx22x32272+x2x3222y2—2xx2x32zzy2+x22x3222y2+2x12y222y2—
4x1x3y222y2+2x32y222y2—2xxlyyl22y2+2xx3yylzzy2+2xlx3yylzzy2—
2x3%2yylz?y2+2x2y12 22 y2 -2 xx2y1?2 22 y2 + x2%2 y12 22 y2 -2 x x3y1? 22 y2 +
x32y1222y2+y2y122272—2leyy222y2+4xlx3yy2zzy2—2x32yy222y2—
2yy12y2 22 y2 + x1%2y22 22 y2 -2 x1 x3y2? 22 y2 + x32 y22 22 y2 + y1? y2?2 722 y2 +
2xxlyy32272—2x12yy322y2—2xx3yy322y2+2x1x3yy322y2—4x2y1y322y2+
2xxlyly32272+4xx2y1y32272—2x22yly3227(2+2xx3yly3223/2—
2xlx3yly3zzy2—2y2yly322y2+4yyly2y3zzy2—2yly22y3z27/2+
2x2y3222y2—2xxly3222y2+x12y3222y2—2xx2y3222y2+x22y3222y2+
y2y3222y2-2yy2y32 22 y2+y22y32 22 y2 + x1%2 z2* y2 -2 x1x3 2% y2 + x3%2 z* y2 +
ylzz4y2—2yly3z4y2+y32247(2+x2x12y27(3—2x2xlx2y2y3+x2x22y2y3—
2xx12x3y2y3+4xxlx2x3y2y3—2xx22x3y2y3+x12x32y2y3—2xlx2x32y2y3+
x22 x32y?y3+x12y* y3-2x1x2y* y3+x22y*¥3-2x3x1yyly3+2x3x2yyly3+
2x2xlx2yyly3—2x2x22yyly3+4x2xlx3yy1y3—4x2x2x3yyly3—
4xxlx2x3yyl\,{3+4xx22x3yyly3—2xxlx32yyly3+2xx2x32yyly3+
2x1x2x3%yyly3-2x22x3%2yyly3-2xx1y3yly3+2xx2y3yly3+2x1x2y>yly3-
2x22 v y1y3+xfy12¥3-2x3 x2y12 y3 + x? x22y1?2 y3 -2 x> x3y1? y3+4 x? x2 x3y1? y3 -
2 x x2% x3 yl2 ¥3 + x? x32 yl2 ¥3 -2 xx2 x32 yl2 ¥3 +x22% x32 yl2 ¥3+x2 y2 yl2 ¥3 -
2xx2y2y12y3+x22y2y12y3+2x3xlyy2y3—2x2xlzyy273—2x3x2yy2y3+
2x2xlx2yy2y3—4x2xlx3yy2y3+4xx12x3yy2y3+4x2x2x3yy27(37
4xX1Lx2x3yy2y3+2xx1Lx3%2yy2y3-2x1%2x32yy2y3-2xx2x32yy2y3+
2xlx2x32yy2y3+2xxly3y27(3—2ley3y2y3—2xx2y3y2y3+2xlx2y3y2y3—
2x*yly2y3+2x3x1yly2y3+2x3x2yly2¥3-2x>x1x2yly2y3+4x3x3yly2y3-
4x*x1x3yly2y3-4x>x2x3yly2y3+4xx1x2x3yly2y3-2x*x3%yly2vy3+
2xxlx32yly2y3+2xx2x32yly2>(3—2xlx2x32yly2>(3—2x2y2yly2y3+
2xXx1y?yly2y3+2xx2y?yly2y3-2x1x2y?yly2y3+x*y22y3-2x3x1y2%2y3+
x2 x12y22y3-2x3x3y22y3+4x2x1x3y22y3-2xx1%2x3y2%2y3+x?x32y2%2y3-

2x x1x3%2y2%2y3+x12x3%2y22 y3 +x?y?y22 y3 -2 x x1y?y22y3+x1%y?y2%2y3 -
2x12y3y3y3+4xlx2y3y37(3—2x22y3y37(3+4xx1y2yly3y3—4xx2y2yly3y3—
4xlx2y2yly3y3+4x22y2yly3y3—2x2yy12y3y3+4xx2yy12y3y3f
2x2%yyl?y3y3-4xx1y?y2y3y3+4x12y?y2y3y3+4xx2y?>y2y3y3-
4x1x2y2y2y37/3+4x2yy1y2y37(3—4xxlyyly2y37(3—4xx2yyly2y3y3+
4xlx2yyly2y3y3—2xzyy22y3y3+4xxlyy22y3y3—2x12yy22y3y3+
x12y?y32y3-2x1x2y?y32y3+x22y?y32y3-2xx1yyly3?y3+2xx2yyly3?y3+
2x1x2yyly3?y3-2x2%2yyly3?y3+x?y1?2y32y3-2xx2y1%y3?y3+x22y1?y32y3+
2xxlyy2y32y3—2x12yy2y32y3—2xx2yy2y32y3+2xlx2yy2y32y3—
2x2yly2y32y3+2xx1yly2y32y3+2xx2yly2y32y3-2x1x2yly2y32y3+
x2y22y32y3 -2 xx1y22y32y3+x1%2y22y32y3+x?x12 22 y3-2x?> x1x22z*y3 +
xzx22227/3—2xx12x3z2y3+4xxlx2x322>{3—2xx22x322y3+x12x3222y3—
2xlx2x32227/3+x22x3zzzy3+2x12y222y3—4x1x2y2zzy3+2x22y2zzy3—
2xxlyy122y3+2xx2yylzzy3+2xlx2yylzzy3—2x22yy1227/3+2x2y1222‘/37
2xx2y1222y3+x22y1222y3—2xx3y1222y3+x32y12227/3+y2y1222>(3+
2xxlyy2227(3—2xlzyy2227(3—2xx2yy2227(3+2xlx2yy2227(3—4x2y1y222>/3+
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2xxlyly222y3+2xx2y1y222y3—2xlx2yly2zzy3+4xx3yly22273—
2x3%y1y22z2¥3-2y?yly2z2y3+2x2y22 22 y3-2xx1y2%2z%y3+x1%y222%y3-
2xx3y22227/3+x32y22227/3+y2y222273—2xlzyy3zzy3+4xlx2yy3zzy3—
2x2%2yy3z2y3-2yyl?y3z2y3+4yyly2y3z?y3-2yy22y3z2y3+x1%y322z2y3-
2 x1 x2 y32 z? y3 + x2° y32 z2 7{3+yl2 y32 z2 ¥3-2yly2 y32 z2 )/3+y22 y32 z2y3+
xlzz4y3—2xlx224y3+x22247(3+y1224y3—2y1y224y3+y22z4y3)/
((x2y1-x3yl-x1y2+x3y2+x1y3-x2y3)?z%))

ini2471= {Numerator [%], Denominator[%]}

Out[247]= {—xzx12y2/3+x2x1x2y2[5+xx12x2y25—x2x22y26+xxlx22y25—x12x22y25+x2x1x3y26+
xx12x3y2/3+x2x2x3y2/3—6xxlx2x3y2/3+x12x2x3y2/3+xx22x3y26+xlx22x3y25—
xzx32y2/3+xxlx32y2/3—x12x32y26+xx2x32y2/3+x1x2x32y26—x22x32y2/3—
x12y4B+xlx2y4B—x22y4[5+x1x3y4B+x2x3y4B—x32y4B+2x3x1yyl[5—x3x2yyl[5—
3x2x1x2yy1/3+x2x22yyl/3+xxlx22yyl/3—x3x3yyl/3—3x2xlx3yyl/3+
4x2x2x3yyl[5+4xxlx2x3yyl/3—3xx22x3yyl/3—xlx22x3yy16+x2x32yyl[3Jr
xxlx32yle—3xx2x32yy16—xlx2x32yyl/3+2x22x32yy16+2xx1y3yl[5’—
xx2y3yl/3—xlx2y3y1/3+2x22y3yl[j—xx3y3y1/3—xlx3y3yl/3—2x2x3y3yl/3+
2x32y3y1B-x*y12pR+2x3x2y12B3-x*x22y1?B+2x3x3y12B-4x*x2x3yl?B+
2xx22x3y12/3—x2x32y126+2xx2x32y12/3—x22x32y12/3—x2y2y12/3+xx2y2y12/3—
x22y?y12 B+ xx3y?y12 B+ x2x3y?y12 3-x32y?y1?23-x3x1lyy2B+x>x1%yy2 B+
2x3x2yy2/3—3x2xlx2yy2/3+xx12x2yy2/3—x3x3yy2/3+4x2x1x3yy2/3—
3xx12x3yy2/3—3x2x2x3yy25+4xxlx2x3yy2/3—x12x2x3yy26+x2x32yy2/3—
3xxlx32yy26+2x12x32yy25+xx2x32yy2/3—x1x2x32yy26—xxly3yZB+
2x12y3y26+2xx2y3yZB—xlx2y3yzﬁ—xx3y3y23—2x1x3y3y25—x2x3y3y26+
2x32y3y2/3+x4yly2/3—x3xlyly2/3—x3x2yly2/3+x2x1x2y1y2/3—2x3x3yly2/3+
2x2xlx3yly2/3+2x2x2x3yly2/3—2xxlx2x3yly2/3+x2x32yly2/3—xxlx32yly2[j—
xx2x32yly2[5+xlx2x32yly2[5+x2y2y1y26—3xx1y2yly2[5’—3xx2y2yly2[5+
xlx2y2yly2/3+4xx3y2yly2/3+2xlx3y2yly2/3+2x2x3y2yly2/3—4x32y2yly2/3+
x2yy12y2/3+xx2yy12y2/3—3xx3yy12y2B—x2x3yy12y25+2x32yy12y26—
x4y22/3+2x3xly22/3—x2x12y22/3+2x3x3y22/3—4x2xlx3y226+2xx12x3y225—
x2x32y226+2xxlx32y225—x12x32y22B—x2y2y228+xxly2y22[5—x12y2y225+
xx3y2y22/3+xlx3y2y22B—x32y2y22/3+x2yyly22/3+xxlyyly22/3—3xx3yyly226—
xlx3yyly22/3+2x32yyly22B—xzylzy22/3+2xx3y12y225—x32y12y225—
x3xlyy35+x2xlzyy3/3—x3x2yy3/3+4x2xlx2yy35—3xx12x2yy3B+x2x22yy35—
3xxlx22yy3[3’+2x12x22yy3/3+2x3x3yy3B—3x2x1x3yy3/3+xx12x3yy3/3—
3x2x2x3yy3/3+4xxlx2x3yy3/3—xlzx2x3yy3/3+xx22x3yy3/3—x1x22x3yy3/3—
xxly3y3B+2x12y3y3/3—xx2y3y3/3—2xlx2y3y3/3+2x22y3y3/3+2xx3y3y3/3—
Xx1x3y y3B8-x2x3y3y3B8+x?yly3B8-x3x1yly3B8-2x3x2yly3B8+2x>x1x2yly3p+
x2x22yly3/3—xxlx22yly3/3—x3x3yly3/3+x2xlx3yly3/3+2x2x2x3yly3/3—
2xX1x2x3yly3pB-xx22x3yly3B+x1x22x3yly3B3+x?y?yly3B-3xx1ly?yly3p+
4xx2y2yly3B+2xlx2y2y1y3B—4x22y2yly3/3—3xx3y2yly3ﬁ+xlx3y2yly35+
2x2x3y2yly3B+x2yylzy3B—3xx2yy12y35+2x22yy12y3B+xx3yy12y3B—
x2x3yy12y3/3+x4y2y3/3—2x3xly2y3/3+x2x12y2y3/3—x3x2y2y3/3+2x2xlx2y2y3/3—
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xx12x2y2y3/3—x3x3y2y3/3+2x2x1x3y2y3/3—xx12x3y2y3[3’+x2x2x3y2y3/3—
2XX1x2X3y2y3pB+x12x2x3y2y3B+x2y?y2y3B+4xx1y?y2y3pB-4x12y?y2y3p3-
3xx2y2y2y3B+2xlx2y2y2y3B—3xx3y2y2y3B+2xlx3y2y2y36+x2x3y2y2y3/3—
6><2yy1y2y3B+4xx1yyly2y3B+4xx2yy1y2y3[5—2x1x2yyly2y3B+
4xx3yyly2y3/3—2xlx3yy1y2y3/3—2x2x3yyly2y3/3+x2y12y2y3/3—xx2y12y2y3[3—
xx3y12y2y3B+x2x3yl?2y2y3B8+x2yy22y3B-3xxlyy22y3B+2x1%2yy22y33+
xx3yy22y3ﬁ—xlx3yy22y3B+x2yly22y3/3—xxlyly22y3B—xx3yly22y3/3+
xlx3y1y22y3B—x4y32[3+2x3xly32[g’—x2x12y325+2x3x2y3ZB—4x2xlx2y3ZB+
2xx12x2y32[3—x2x22y32/3+2xx1x22y32/3—x12x22y32/3—x2y2y32/3+xx1y2y32/3—
x12y2y32/3+xx2y2y32@+xlx2y2y32/3—x22y2y32/3+x2yyly32/3+xxlyyly32/37
3xx2yyly32B-x1x2yyly3?B8+2x2%2yyly3?B3-x?y1?y32p3+2xx2yl1?y323-
x22y12y32/3+x2yy2y32/3—3xxlyy2y32/3+2xlzyy2y32[3+xx2yy2y32/3—
xlx2yy2y32B+x2y1y2y32/3—xxlyly2y32B—xx2yly2y32B+xlx2yly2y32/37
x2y22y326+2xxly22y326—x12y22y328—x2x12zzﬁ+x2xlx222/3+xx12x222/3—
x2x22226+xxlx22ZZB—x12x22225+x2xlx3226+xx12x3ZZB+x2x2x3225—
6xxlx2x322/3+x12x2x322/3+xx22x322/3+xlx22x322/3—x2x3222/3+xxlx3222/3—
x12x3222/3+xx2x32225+x1x2x32ZZB—X22X3222/3—2x12y2226+2xlx2y2225—
2x22y2228+2xlx3y2226+2x2x3y2225—2x32y222[5+2xxlyylzzﬁ—xx2yylzzﬁ—
x1x2yylzz/3+2x22yy122/3—xx3yylzz/3—xlx3yy122/3—2x2x3yy122/3+
2x32yy122/3—2x2y1222/3+2xx2y12ZZB—XZZylz22/3+2xx3y12ZZB—X32y1222/3—
y2y12zzﬁ—xxlyy2225+2x12yy2226+2xx2yy2zz/3—x1x2yy222/3—xx3yy222/3—
2x1x3yy2z2pB-x2x3yy2z2BR+2x3%yy2z2B+2x2yly2z?B-xx1yly2z?p3-
xx2yly222/3—2xx3yly222/3+xlx3yly222/3+x2x3yly222/3+y2yly222/3+
yy12y222/3—2x2y2222/3+2xx1y22226—x12y22zzB+2xx3y2222/3—x32y22226—
y2y2222/3+yy1y22zzﬁ—ylzy2zzzﬁ—xxlyy3226+2xlzyy3225—xx2yy322[§—
2xlx2yy3ZZB+2x22yy3ZZB+2xx3yy3zzﬁ—xlx3yy3zzB—x2x3yy322/3+
2x2yly322/3—xxlyly322/3—2xx2yly322/3+xlx2yly322/3—xx3yly3zz/3+
x2x3yly322B+y2yly3z2/3+yy12y3226+2x2y2y322@—2xx1y2y322/3—
XX2y2y3z?B+x1x2y2y3z>B-xx3y2y3z?>B+x1Lx3y2y3z>B+y’y2y3z?3-
6yyly2y3zz/3+ylzy2y322/3+yy22y322/3+yly22y322/3—2x2y3222/3+2xxly3222/3—
x12y32z2 B+2xx2y3% 22 B-x22y32 z? B-y?y3? z* B+yyly3? z? B-y1?y3? z? 3 +
yy2y32z2B+yly2y32z2B-y22y32 223 -x12z*B+x1x2z* p-x22z* B+ x1x3z* B+
x2x3z4[3’—x32Z4B—y12Z4B+y1y224B—y22Z4B+y1y3z4B+y2y3z4B—y3224[3—
x2x22y2yl+2xxlx22y2yl—x12x22y2yl+2x2x2x3y271—4xx1x2x3y2y1+
2x12x2x3y? y1-x?x32y?y1+2xx1x3%y?y1-x12x3%y? y1-x22y*y1+2x2x3y*yl-
x32y*y1+2x22y3y1y1-4x2x3y3ylyl+2x32y3ylyl-x22y?y12y1+2x2x3y?y1?yl-
x32y2y12y1+2x3x2yy2yl—4x2xlx2yy2yl+2xx12x2yy2yl—2x3x3yy2yl+
4x2x1x3yy2y1—2xx12x3yy2yl—2x2x2x3yy2yl+4xxlx2x3yy2yl—
2x12x2x3yy2yl+2x*x3%2yy2yl-4xx1x3%yy2yl+2x1%x3%2yy2yl+2xx2y3y2yl-
2xx3y3y2y1—2x2x3y3y271+2x32y3y2yl—4xx2y2yly2yl+4xx3y2yly27(l+
4x2x3y2yly2\,(l—4x32y2y1y27(l+2xx2yy12y2yl—2xx3yy12y2yl—
2x2x3yyl?2y2y1+2x32yy1?2y2y1-x*y22y1+2x3x1y22y1-x?x12y22y1+
2x3x3y22y1-4x>x1x3y22y1+2xx1%x3y2%y1l-x?x3%y22y1+2xx1x3%2y2%y1-

x1% x32 y22yl—x2 y2 y227/1+2xx3 y2 y227(l—x32 y2 y22yl+2x2yyly22>{l—
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4xx3yy1y227(1+2x32yyly2zyl—x2y12y22yl+2xx3y12y227(l—x32y12y22y1—
2x3x2yy3yl+4x2x1x2yy3yl—2xxlzx2yy3yl+2x2x22yy3yl—4xxlx22yy3yl+
2x12x2%2yy3y1+2x3x3yy3yl-4x>x1x3yy3yl+2xx1°x3yy3yl-2x>x2x3yy3yl+
4xXx1x2x3yy3yl-2x12x2x3yy3yl-2xx2y>y3yl+2x22y3y3y1+2xx3y>y3yl-
2x2x3y3y37(l+4xx2y2yly3yl—4x22y2yly3yl—4xx3y2y1y3yl+4x2x3y2yly3yl—
2xx2yyl?y3y1+2x22yyl?y3y1+2xx3yyl?y3yl-2x2x3yyl?y3yl+2x*y2y3yl-
4x3x1y2y3v1+2x*x1%y2y3v1-2x3x2y2y3yl+4x?>x1x2y2y3yl-2xx1?x2y2y3yl-
2x3x3y2y37(l+4x2xlx3y2y3y1—2xx12x3y2y3yl+2x2x2x3y2y3yl—
4xxlx2x3y2y3yl+2x12x2x3y2y3yl+2x2y2y2y3yl—2xx2y2y2y3yl—
2xx3y2y2y3y1+2x2x3y2y2y3yl—4x2yyly2y3yl+4xx2yyly2y3yl+
4xx3yyly2y3yl-4x2x3yyly2y3yl+2x>y1?2y2y3y1l-2xx2yl?y2y3yl-
2xx3ylzy2y37(l+2x2x3y12y2y3\,(l—x4y327(l+2x3xly32yl—x2x12y327/1+
2x3x2y32y1-4x2x1x2y3%2y1+2xx1%2x2y3%2y1l-x?x22y3%2y1+2xx1x22y3%2yl-

x12 x22 y32>/l—x2 y2 y327/1+2xx2 y2 y327(1—x22 y2 y3271+2x2yy1y32y1—
4xx2yy1y32yl+2x22yyly32yl—x2y12y327{1+2xx2y12y32yl—x22y12y32y1—
x2x22zz\,{l+2xxlx22zzyl—xlzx22zzyl+2x2x2x322y1—4xx1x2x322y1+
2lex2x3zzyl—x2x3222yl+2xxlx32zzyl—xlzx3222yl—2x22y22271+
4x2x3y222y1—2x32y2zzyl+2x22yylzzyl—4x2x3yylzzy1+2x32yylzzyl—
x22y1222y1+2x2x3ylzzzyl—x32y12zzwfl+2xx2yy2zzyl—2xx3yy222yl—
2x2x3yy222y1+2x32yy222yl—2x2y22zzyl+2xxly22zzyl—x12y2222y1+
2xx3y2222y1—x32y222271—y2y2222y1+2yy1y2222y1—y12y2222y1—2xx2yy322y1+
2x22yy3z2y1+2xx3yy3z2y1-2x2x3yy3z2yl+4x2y2y3z2yl-4xxly2y3ziyl+
2xlzy2y3zzyl—Zxx2y2y3zzyl—Zxx3y2y3zzyl+2x2x3y2y322yl+
2y2y2y3z2yl1-4yyly2y3z2y1+2y12y2y3z2y1-2x%y3222y1+2xx1y322z2vy1-

x12 y32 22 ¥1+2 x x2 y32 72 y1 - x2? y32 227(1—y2 y32 22y1+2yy1 y32 z27yl—yl2 y32 z2y1-
x22z4>/l+2x2x3z47(l—x3zz47/1—y22z4y1+2y2y3z4yl—y3zz4yl—x2x12y2y2+
2xX1%2x2y?y2 - x12x22y?y2 + 2 x2 X1 x3y2 ¥2 -4 x x1 x2 x3y? y2 +2 x1 x22 x3y? y2 -
x2x32y2y2+ 2 x x2x3%2y?y2 - x22 x3%2y? y2 - x12y* y2 + 2 x1 x3y* y2 - x3%2 y* y2 +
2x3x1yyly2-4x*x1x2yyly2+2xx1x22yyly2-2x3x3yyly2-2x*x1x3yyly2+
4x2x2x3yyly2+4xxlx2x3yyly2—2xx22x3yyly2—2xlx22x3yyly2+
2x2x3%2yyly2-4xx2x3%°yyly2+2x2°x3%yyly2+2xx1y> yly2-2xx3y>yly2-
2x1x3y3ylv2+2x3%2y3yly2-x*y12y2+2x3x2y12y2 - x2x22y12y2+2x3x3y1%2y2 -

4 %2 x2 x3 yl2 }(2+2xx22 X3 yl2 7(2—x2 x32 yl2 ¥2 +2 X X2 x32 yl2 7/2—x22 x32 yl2 Y2 -
x2y2y12y2+2xx3y2y12y2—x32y2y12y2+2x12y3y27(2—4x1x3y3y2y2+
2x3%y3y2y2-4xx1y?’yly2y2+4xx3y?yly2y2+4x1x3y>yly2y2-4x32y?yly2y2+
2x?yyl?y2y2-4xx3yyl?y2y2+2x3%yy1?y2y2 - x12y? y22 y2 + 2 x1 x3 y? y2% v2 -
x32y2y22y2+2xxlyy1y227(2—2xx3yyly22y2—2xlx3yyly22y2+2x32yyly22>/2—
x2y12y22 42 +2xx3y12y2?2y2 -x32y1?2y22y2-2x3x1lyy3vy2+2x2x1%yy3y2+
4x*Xx1Xx2yy3y2-4xx12x2yy3y2-2xx1x22yy3y2+2x12x22yy3y2+2x3x3yy3y2-
2xzxlx3yy37(2—4x2x2x3yy3y2+4xxlx2x3yy3y2+2xx22x3yy3y2—
2xlx22x3yy3\,(2—2xxly3y3y2+2x12y3y3y2+2xx3y3y3y2—2xlx3y3y3y2+
2x%yly3y2-2x3x1yly3y2-4x3x2yly3y2+4x?>x1x2yly3y2+2x>x2°yly3vy2-
2xx1x22yly3¥2-2x>x3yly3¥2+2x*x1x3yly3vy2+4x*x2x3yly3y2-
4xxlx2x3yly37(2—2xx22x3y1y3y2+2xlx22x3y1y3y2+2x2y2yly3y2—
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2xxly2y1y37(2—2xx3y2yly3y2+2x1x3y2yly3y2+4xxly2y2y3y2—
4x12y?y2y3y2-4xx3y?y2y3¥y2+4x1x3y?y2y3y2-4x>yyly2y3y2+
4xxlyy1y2y37(2+4xx3yy1y2y372—4x1x3yy1y2y3y2—2xxlyy22y3y2+
2x12yy22y3y2+2xx3yy22y3y2-2x1x3yy22y3y2+2x%yly22y3y2-
2xxlyly22y3\,(2—2xx3yly22y37(2+2xlx3yly22y3y2—x4y3272+2x3xly32y2—
X2 x1%y32 92 +2x3x2y32¥2 -4 x? x1 x2y3% y2 + 2 x x1% x2 y32 y2 - x? x22 y3% y2 +

2x x1x22y32y2 -x12x22y32y2 - x? y? y32 y2 + 2 x x1 y? y32 y2 - x1% y? y3? y2 +
2xzyy2y32y2—4xxlyy2y32y2+2x12yy2y327/2—x2y22y32y2+2xxly22y32>{2—
x12 y22 y327(2—x2 x12 22)/2+2xx12 X2 22)/2—x12 x22 227(2+2x2 x1 x3 227{2—
4xx1x2x322y2+2x1x22x32272—x2x3222y2+2xx2x32zzyz—x22x3222y2—
2x12y? 22 y2+4x1x3y? 22 y2-2x3%y? 2?2 y2+2xx1yyl z2y2 -2 xx3yyl z? y2 -
2xlx3yylzzy2+2x32yylzzy2—2x2ylz22y2+2xx2y12zzyz—x22y1222y2+
2xx3y1222y2—x32y1222y2—y2y12zzy2+2xlzyy222y2—4xlx3yy222y2+
2x3%yy2z2y2+2yyl1?y2 22 y2 - x1%2y22 22 y2 + 2 x1 x3y2? z? y2 - x32 y22 22 y2 -
y12y22zzy2—2xxlyy3zzy2+2x12yy3227/2+2xx3yy3227f2—2xlx3yy3227/2+
4x2yly322y2—2xxlyly3227(2—4xx2yly3zzy2+2x22yly3zzy2—
2xX3yly3z2y2+2x1x3yly3z2y2+2y?yly3z2y2-4yyly2y3zZy2+
2y1y22y3z2y2-2x2y32 22 y2+2xx1y32 22 y2 - x1%y3? 22 y2 + 2 x x2 y32 z? y2 -
x22y32zzyz—y2y3222y2+2yy2y3222y2—y22y32zzyz—xlzz47{2+2xlx324y2—
x32z4y2—y12z4y2+2y1y3z4y2—y32z4y2—x2x12y2y3+2x2x1x2y2y3—
xzx22y2y3+2xx12x3y2y3—4xx1x2x3y27/3+2xx22x3y273—x12x32y273+
2x1x2x3%y?y3-x22x3%y? y3-x12y*y3+2x1x2y*y3-x22y*y3+2x3x1lyyly3-
2x3x2yyly3—2x2xlx2yyly3+2x2x22yyly3—4x2xlx3yyly3+4x2x2x3yyly3+
4xx1x2x3yyly3—4xx22x3yyly3+2xxlx32yyly3—2xx2x32yyly3—
2x1x2x3%yyly3+2x22x3%2yyly3+2xx1y yly3-2xx2y3yly3-2x1x2y3ylvy3+
2x22y3y17(3—x4y12y3+2x3x2y12y3—x2x22y127/3+2x3x3y12>(3—4x2x2x3y127(3+
2xx2%2x3y12y3-x?x32y1?2y3+2xx2 x32y12y3-x22x3%2y12y3-x2y?y1?2y3+
2xx2y2y12y3—x22y2y12y3—2x3xlyy2y3+2x2xlzyy2y3+2x3x2yy273f
2x2X1Xx2yy2¥3+4x2x1x3yy2y3-4xx1°2x3yy2y3-4x>x2x3yy2y3+
4xxlx2x3yy2y3—2xxlx32yy2y3+2x12x32yy2y3+2xx2x32yy2y3—
2x1x2x3%2yy2¥y3-2xx1y3y2y3+2x12y3y2y3+2xx2y3y2y3-2x1x2y3y2y3+
2x%yly2y3-2x3x1yly2y3-2x3x2yly2y3+2x*>x1x2yly2y3-4x>x3yly2y3+
4x2xlx3yly2>(3+4x2x2x3y1y27(3—4xxlx2x3yly2y3+2x2x32yly2y3—
2xxlx32yly2y3—2xx2x32yly2y3+2xlx2x32yly2y3+2x2y2yly2y3—
2xxly2yly2y3—2xx2y2yly27/3+2xlx2y2yly2y3—x4y22y3+2x3xly227/3—

X2 x12y22y3+2x3x3y22 ¥y3-4x? x1 x3y2%y3+2 x x1?2 x3y22 y3 - x> x3%y2%y3 +

2 x x1 x32 y22 ¥3 - x1? x32 y22 ¥3-x2 y2 y22 ¥3+2xxl1 y2 y22 ¥3 - x1? y2 y22 ¥3+
2x1%2y3y3y3-4x1x2y3y3y3+2x22y3y3¥3-4xx1y?yly3y3+4xx2y?yly3y3+
4x1x2y*yly3¥3-4x22y?yly3y3+2x°yyl?y3y3-4xx2yyl?y3y3+2x22yyl1?y3y3+
4xxly2y2y37(3—4x12y2y2y3y3—4xx2y2y2y3y3+4xlx2y2y2y373—
4xzyyly2y3y3+4xxlyyly2y3y3+4xx2yyly2y37(3—4xlx2yyly2y37(3+
2x2yy22y3y3-4xx1yy22y3y3+2x12yy22y3y3-x12y2y32y3+2x1x2y?y32y3-
x22y?y32 434+ 2xx1yyly3?y3-2xx2yyly3?y3-2x1x2yyly3?y3+2x22yyly3?y3-
x2y12y32y3+2xx2y12y32>(3—x22y12y327/3—2xxlyy2y32y3+2x12yy2y32y3+
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2xx2yy2y327(3—2xlx2yy2y32y3+2x2y1y2y32y3—2xxlyly2y32y3—
2xXx2yly2y32y3+2x1x2y1ly2y32y3-x?y22y3?2y3+2xx1y22y3%2y3-x12y22y32y3-
xzx1222y3+2x2x1x222y3—x2x2222y3+2xx12x322y3—4xx1x2x322y3+
2xx22x322y3-x12x3222y3+2x1x2x3% 22 y3-x22x3222y3-2x12y? 22 y3+
4xlx2y222y3—2x22y2227(3+2xxlyylzzy3—2xx2yylzzy3—2xlx2yylzzy3+
2x22yy122y3—2x2y12227/3+2xx2y1222y3—x22y1222y3+2xx3y1222y37
x32y12227/3—y2y1222y3—2xx1yy222y3+2x12yy222y3+2xx2yy222y3—
2xlx2yy2227(3+4x2yly222y3—2xxlyly22273—2xx2y1y222y3+2xlx2yly2227(3—
4xx3yly2zzy3+2x32yly2zzy3+2y2yly22273—2x2y2222y3+2xxly22zzy3—
x12y2222y3+2xx3y22zzy3—x32y2222y3—y2y2222y3+2x12yy322y37
4x1x2yy3z2y3+2x22yy3z2y3+2yyl?y3z2y3-4yyly2y3z>y3+2yy22y3z2y3-
x12 y32 22 y3+2x1x2 y32 z? y3 - x2? y32 z2 7{3—yl2 y32 z2 ¥3+2yly2 y32 z°y3-
y22y3222y3—x12z4y3+2xlx224y3—x22z4y3—y12z4y3+2yly224y3—y2224y3,
(x2yl—x3yl—xly2+x3y2+xly3—x2y3)2zz}

nz4s= Factor [CoefficientList[%, z]]

Out[248]= {{—xz x12y2 B+ x2x1x2y? B+xx12x2y? B-x*x22y? B+ xx1x2%2y? B-x12x22y? 3+
x2x1x3y26+xx12x3y2B+x2x2x3y26—6xx1x2x3y26+x12x2x3y2/3+
xx22x3y25+xlx22x3y25—x2x32yZB+xx1x32yzﬁ—x12x32y2/3+xx2x32y26+
xlx2x32y2/3—x22x32y2/3—ley4/3+xlx2y4/3—x22y4/3+xlx3y4/3+x2x3y4/3—
x32y4B+2x3xlyyl/3—x3x2yle—3x2xlx2yyl/3+x2x22yyl[3’+xxlx22yy16—
x3x3yy1[5—3x2xlx3yyl[5+4x2x2x3yyl/3+4xxlx2x3yy15—3xx22x3yy15—
xlx22x3yyl/3+x2x32yyl/3+xxlx32yyl/3—3xx2x32yyl/3—xlx2x32yyl/3+
2x22x32yyl/3+2xxly3yl/3—xx2y3le—xlx2y3yl/3+2x22y3yl/3—xx3y3yl/3—
xlx3y3le—Zx2x3y3le+2x32y3y1/3—x4y12@+2x3x2y12B—x2x22y12/3+
2x3x3y125—4x2x2x3y125+2xx22x3y126—x2x32y12B+2xx2x32y125—
x22x32y12/3—x2y2y12/3+xx2y2y12/3—x22y2y12/3+xx3y2y12/3+x2x3y2y12/3—
x32y2y12/3—x3xlyy2[3+x2x12yy2/3+2x3x2yy2/3—3x2x1x2yy26+xx12x2yy2/3—
x3x3yy2[5+4x2xlx3yy2/3—3xx12x3yy25—3x2x2x3yy25+4xx1x2x3yy26—
x12x2x3yy2/3+x2x32yy2/3—3xxlx32yy2/3+2x12x32yy2/3+xx2x32yy2/3—
x1x2x32yy2/3—xxly3y2/3+2x12y3y2/3+2xx2y3y2/3—xlx2y3y2/3—xx3y3y2/3—
2xlx3y3y2/3—x2x3y3y26+2x32y3y2/3+x4y1y2/3—x3xlyly2/3—x3x2yly2/3+
X2 Xx1x2yly2B-2x>x3yly2B3+2x>x1x3yly2B3+2x>x2x3yly2B-2xx1x2x3yly2p3+
x2x32yly2/3—xxlx32yly2/3—xx2x32yly2/3+xlx2x32yly2/3+x2y2yly2[3—
3xxly2y1y2/3—3xx2yzyly2/3+xlx2y2yly25+4xx3y2yly2/3+2xlx3y2yly25+
2x2x3y2y1y26—4x32y2y1y28+x2yy12y2ﬁ+xx2yy12y2/3—3xx3yy12y25—
x2x3yy12y25+2x32yy12y2/3—x4y225+2x3xlyZZB—x2x12y22[3+2x3x3y225—
4x2xlx3y22/3+2xx12x3y22/3—x2x32y22/3+2xxlx32y22/3—x12x32y22/3—
x2y?y22 B+ xx1y?y22 B-x12y? y22 B+ x x3y? y2? B+ x1 x3y? y2? B-x3%2y?y22 B+
x2yy1y225+xx1yy1y226—3xx3yylyzzﬁ—xlx3yy1y22/3+2x32yyly22[5—
x2y12y22/3+2xx3y12y22/3—x32y12y22/3—x3xlyy3/3+x2xlzyy3/3—x3x2yy3/3+
4x2xlx2yy3/3—3xx12x2yy3/3+x2x22yy3/3—3xxlx22yy3/3+2x12x22yy3/3+
2x3x3yy3/3—3x2xlx3yy36+xx12x3yy3/373x2X2x3yy3B+4xxlx2x3yy3Bf
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xlzx2x3yy3/3+xx22x3yy3/3—x1x22x3yy3/3—xxly3y3[3’+2x12y3y3/3—xx2y3y3/3—
2x1x2y3y3B8+2x22y3y3B+2xx3y3y3B8-x1x3y3y3pB-x2x3y3y3B+x*yly3pB-
x3x1yly3B—2x3x2yly3B+2x2xlx2yly3/3+x2x22yly35—xxlx22yly3/3—
x3x3yly3B8+x2Xx1x3yly3B+2x?x2x3yly3B-2xxXxLx2x3yly3B-xx22x3yly3p3+
xlx22x3yly3/3+x2y2y1y3/3—3xxly2yly3/3+4xx2y2yly3/3+2xlx2y2yly3/3—
4x2%y?y1y3B-3xx3y?’yly3B+x1x3y’>yly3B+2x2x3y>yly3B+x?yyl®y3p3-
3xx2yy12y3/3+2x22yy12y35+xx3yy12y3B—x2x3yy12y3/3+x4y2y35—
2x3xly2y3B+x2x12y2y3B—x3x2y2y3B+2x2x1x2y2y3B—xx12x2y2y3B—
x3x3y2y3/3+2x2xlx3y2y3/3—xx12x3y2y3/3+x2x2x3y2y3/3—2xxlx2x3y2y3/3+
x12x2x3y2y3/3+x2y2y2y3/3+4xxlyzy2y3/3—4x12y2y2y3/3—3xx2y2y2y3/3+
2Xx1x2y?y2y3B-3xx3y?y2y3pR+2x1x3y>y2y3B+x2x3y?y2y3B3-6x>yyly2y3B+
4xx1lyyly2y3B3+4xx2yyly2y3B3-2x1x2yyly2y33+4xx3yyly2y33-
2x1x3yyly2y3B8-2x2x3yyly2y3B8+x2yl?y2y3B-xx2yl?y2y3h-
xx3y12y2y3B+x2x3yl2y2y3B+x2yy22y3ﬁ—3xxlyy22y3B+2x12yy22y3/3+
xx3yy22y3[3’—xlx3yy22y36+x2yly22y3B—xxlyly22y3B—xx3y1y22y36+
xlx3yly22y3/3—x4y32/3+2x3xly32/3—x2x12y32/3+2x3x2y32/3—4x2x1x2y32/3+
2xx12x2y32[j—x2x22y32/3+2xxlx22y32/3—x12x22y32/3—x2y2y326+xx1y2y32/37
x12y2y325+xx2y2y32/3+x1x2y2y328—x22y2y32[5+x2yyly326+xx1yyly326—
3xx2yyly32/3—x1x2yy1y32/3+2x22yyly32/3—x2y12y32/3+2xx2y12y32/3—
x22y12y32/3+x2yy2y32B—3xxlyy2y32/3+2xlzyy2y32/3+xx2yy2y32/3—
xlx2yy2y326+x2yly2y32/3—xx1y1y2y32/3—xx2yly2y32B+xlx2yly2y32/3—
x2y22y32 B+2xx1y22y32 B-x1%2y22y32 3-x2x2%2y? y1+2x x1 x2%2y?y1-x12x22y?y1+
2x2x2x3y2yl—4xxlx2x3y2yl+2xlzx2x3y2yl—x2x32y2yl+2xxlx32y2yl—
x12x32y? ¥yl -x22y* y1+2x2x3y* y1-x32y*y1+2x22y ylyl-4x2x3y3ylyl+
2x32y y1y1-x22y?y12y1+2x2x3y?y12y1-x32y?y1?2y1+2 x> x2yy2 vl -
4x2xlx2yy2>(l+2xx12x2yy2y1—2x3x3yy2y1+4x2xlx3yy2yl—2xx12x3yy27(l—
2x2x2x3yy2yl+4xxLx2x3yy2yl-2x12x2x3yy2yl+2x®x3%yy2yl-
4xx1x3%2yy2yl+2x12x3%2yy2yl+2xx2y3y2y1-2xx3y3y2vyl-2x2x3y3y2yl+
2x3%y3y2y1-4xx2y?yly2yl+4xx3y?yly2yl+4x2x3y?yly2yl-4x32y?yly2yl+
2xx2yy12y2yl—2xx3yy12y2yl—2x2x3yy12y27(l+2x32yy12y2yl—x4y22)/l+
2x3x1y22v1-x2x1%2y22v1+2x3x3y22y1 -4 x> x1x3y22y1+2xx12x3y22y1-
x2x3%2y22 y1 + 2 x x1x32y22 y1-x1%2x32y22 y1-x?y?y2?2 y1+2 x x3y? y2% y1-
x32yzy227(1+2xzyyly2zyl—4xx3yyly22y1+2x32yyly22>(l—x2y12y22>(l+
2xx3y12y22y1—x32y12y22yl—2x3x2yy3yl+4x2xlx2yy3yl—2xx12x2yy3yl+
2x2x2°2yy3yl-4xx1x2°yy3y1l+2x1?2x22yy3y1+2x>x3yy3vyl-4x?>x1x3yy3yl+
2xx12x3yy3y1l-2x*x2x3yy3yl+4xx1x2x3yy3yl-2x12x2x3yy3yl-
2xx2y3y37(l+2x22y3y37(1+2xx3y3y37(l—2x2x3y3y3y1+4xx2y2yly3yl—
4x22y?y1y3y1l-4xx3y?yly3yl+4x2x3y?yly3yl-2xx2yyl?y3yl+
2x2%yyl?y3y1+2xx3yyl?y3y1-2x2x3yyl?y3y1+2x*y2y3y1-4x3x1y2y3vyl+
2x2x12y2y37/1—2x3x2y2y37(l+4x2x1x2y2y37(l—2xx12x2y2y3y1—
2x3x3y2y3yl+4x2x1x3y2y37{l—2xx12x3y2y3yl+2x2x2x3y2y3yl—
4xX1x2x3y2y3yl+2x12x2x3y2y3y1+2x?y?y2y3yl-2xx2y?y2y3yl-
2xx3y?y2y3y1+2x2x3y?y2y3y1l-4x?yyly2y3yl+4xx2yyly2y3yl+
4xx3yyly2y3yl—4x2x3yy1y2y3yl+2x2y12y2y3yl—2xx2y12y2y3yl—
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2xx3y12y2y37/1+2x2x3y12y2y3y1—x4y32y1+2x3xly32yl—x2x12y32yl+
2x3x2y32y1-4x2x1x2y3%2y1+2xx1%x2y3%2y1l-x?x22y3%2y1l+2xx1x22y3%2y1-

x1? x2? y32y1—x2 y2 y327/l+2xx2y2 y32yl—x22 y2 y32yl+2x2yyly32yl—
4xx2yyly32y1+2x2%2yyly32y1l-x?y12y32y1+2xx2y1?y32yl-x22y1%2y32yl-
x2x12y27/2+2xxlzx2y2y2—x12x22y27(2+2x2xlx3y2y2—4xxlx2x3y2y2+
2x1x22x3y2y2-x2x32y?2y2+2xx2x3%2y2y2-x22x32y2y2-x12y*y2+2x1x3y*y2-
x32y472+2x3x1yyly2—4x2xlx2yyly2+2xxlx22yyly2—2x3x3yyly2—
2x2xlx3yy17(2+4x2x2x3yyly2+4xx1x2x3yyly2—2xx22x3yy17(2—
2x1x22x3yyly2+2x2x32yyly2—4xx2x32yyly2+2x22x32yy1y2+2xxly3yly2—
2xx3y3yly2-2x1x3y3yl1y2+2x3%2y3y1ly2-x*y12y2+2x3x2y1?y2-
x2x22y12y2+2x3x3y12y2 -4 x? x2 x3y1% y2 + 2 x x2%2 x3y12 y2 - x? x3% y1%2 y2 +

2 x x2 x32 yl2 ¥2 - x2% x3? yl2 ¥2 - x? y2 yl2 Y2 +2 X X3 y2 yl2 ¥2 - x3? y2 yl2 Y2 +
2x1%y3y2y2-4x1x3y3y2y2+2x32y3y2y2-4xx1y?yly2y2+4xx3y>yly2y2+
4x1x3y?yly2y2-4x32y?yly2y2+2x2yyl?y2y2-4xx3yyl?y2y2+
2x32yy12y27/2—x12y2y22y2+2xlx3y2y22y2—x32y2y22y2+2xx1yyly22y2—
2xx3yyly22y2—2xlx3yyly22y2+2x32yyly22y2—x2y12y22y2+2xx3y12y22y2—
x32y12y22y2—2x3xlyy3y2+2xlezyy37{2+4x2xlx2yy3y2—4xx12x2yy3y2—
2xx1x2%2yy3y2+2x12x2%2yy3y2+2x3x3yy3y2-2x*>x1x3yy3vy2-4x>x2x3yy3y2+
4xxlx2x3yy3>{2+2xx22x3yy372—2xlx22x3yy37(2—2xxly3y3y2+2x12y3y3y2+
2xx3y3y3y2-2x1x3y3y3¥2+2x*yly3y2-2x3x1yly3y2-4x3x2yly3y2+
4x2x1x2yly3v2+2x2x2%2y1y3vy2-2xx1x22yly3y2-2x3x3yly3vy2+
2x2X1x3yly3y2+4x2x2x3yly3¥2-4xx1x2x3yly3vy2-2xx22x3yly3y2+
2xlx22x3yly37(2+2x2y2y1y3y2—2xxly2yly3y2—2xx3y2yly37(2+
2x1x3y2yly3y2+4xx1y?y2y3y2-4x12y?y2y3y2-4xx3y2y2y3y2+
4x1x3y*y2y3v2-4x>yyly2y3y2+4xx1yyly2y3y2+4xx3yyly2y3y2-
4x1x3yyly2y3y2—2xxlyy22y37(2+2x12yy22y3y2+2xx3yy22y37/2—
2x1x3yy22y3y2+2x2yly22y3y2-2xx1yly22y3y2-2xx3yly22y3y2+
2x1x3yly22y3y2-x*y32y2+2x3x1y32y2-x2x1%2y32y2+2x3x2y32y2-
4x2x1x2y32y2+2xx12x2y3%y2 - x? x2%2y32y2 +2 x x1 x22y3? y2 - x12 x22 y3? y2 -
x2y2y327/2+2xxly2y32y2—x12y2y32y2+2x2yy2y32y2—4xxlyy2y32y2+
2x1%yy2y32y2 - x?y22y32y2+ 2 x x1y22y32y2 - x12y22 y32 y2 - x* x1? y* y3 +
2x2xlx2y2y3—x2x22y27{3+2xx12x3y2y3—4xxlx2x3y2y3+2xx22x3y27{3—

x12 x32 y27(3+2x1 x2 x32 y27/3—x22 x32 y27/3—x12 y47/3+2xl x2y47(3—x22 y47(3+
2x3xlyyly3—2x3x2yyly3—2x2xlx2yyly3+2x2x22yyly3—4x2xlx3yyly3+
4x2x2x3yyly3+4xxlx2x3yyly3—4xx22x3yyly3+2xxlx32yy17{3f
2xx2x3%2yyly3-2x1x2x3%yyly3+2x22x3%2yyly3+2xx1y>yly3-2xx2y>yly3-
2x1x2y3yly3+2x22y3yly3—x4ylzy3+2x3x2y12y3—x2x22y127/3+2x3x3y12>(3—
4x%x2x3y12y3+2xx22x3y12y3-x2x3%2y1?2y3+2xx2x3%y1?y3-x2%2x3%2y12y3-
x2y2y127/3+2xx2y2y1273—x22y2y1273—2x3xlyy2y3+2x2x12yy2y3+
2x3x2yy2y3—2x2x1x2yy2y3+4x2xlx3yy2y3—4xx12x3yy27(3—4x2x2x3yy27(3+
4xxlx2x3yy2y3—2xxlx32yy2y3+2x12x32yy2y3+2xx2x32yy2y3—
2x1x2x3%2yy2y3-2xx1y3y2y3+2x12y3y2y3+2xx2y3y2y3-2x1x2y3y2y3+
2xtyly2y3-2x3x1yly2¥3-2x3x2yly2¥3+2x*x1x2yly2y3-4x3x3yly2y3+
4x2xlx3yly2y3+4x2x2x3yly2>{3—4xx1x2x3y1y27(3+2x2x32yly2y3—
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2xxlx32yly2y3—2xx2x32yly2>(3+2xlx2x32yly2y3+2x2y2yly2y3—
2xX1y?yly2y3-2xx2y?yly2y3+2x1x2y?yly2y3-x*y22y3+2x3x1y2%2y3-

x2 x12y22 ¥y3+2x3x3y22y3-4x2x1x3y22y3+2xx1%2x3y2%2y3-x?x32y2%2y3+

2x x1x3%2y2%2y3-x12x3%2y22y3-x?y?y22y3+2xx1y?y22y3-x12y?y22y3+
2x12y3y3y3—4xlx2y3y3\,(3+2x22y3y37(3—4xxly2y1y3y3+4xx2y2yly3y3+
4x1x2y%yly3vy3-4x22y?2yly3y3+2x2yyl?2y3y3-4xx2yyl?y3y3+2x22yyl?2y3y3+
4xx1y’y2y3¥3-4x12y?y2y3¥3-4xx2y*y2y3y3+4x1x2y’y2y3y3-
4x2yyly2y3>(3+4xxlyyly2y3y3+4xx2yyly2y37/3—4xlx2yyly2y3>(3+
2x2yy22y3y3—4xxlyy22y3y3+2xlzyy22y3y3—xlzyzy32y3+2x1x2y2y32y3—
x22y2y327(3+2xxlyyly32y3—2xx2yyly32y3—2xlx2yyly32y3+2x22yyly32y3f
x2y12y32y3+2xx2y12y32y3-x2%2y12y32y3-2xx1yy2y3?y3+2x1%2yy2y3?y3+
2xx2yy2y32y3—2xlx2yy2y32y3+2x2yly2y32y3—2xxlyly2y32y3—
2xx2yly2y3%y3+2x1x2yly2y3?y3-x?y22y32y3+2xx1y2?y3%y3-x1%y2%y3%y3,
o, —xzx12/3+x2x1x26+xx12x2ﬁ—x2x22/3+xx1x225—x12x22B+x2xlx3/3+
xx12x36+x2x2x3B—6xxlx2x3B+x12x2x36+xx22x3B+xlx22x3B—x2x3ZB+
xxlx32/3—x12x32/3+xx2x32/3+xlx2x32/3—x22x32/3—2x12y2/3+2xlx2y2/3—
2x22y2/3+2xlx3y2/3+2x2x3y2[j—2x32y2B+2xxlyyl/3—xx2yyl/3—
xlx2yy16+2x22yy15—xx3yy16—xlx3yyl/3—2x2x3yyl/3+2x32yyl/3—
2x2y12/3+2xx2y12/3—x22y12/3+2xx3y12/3—x32y12/3—y2y12/3—xxlyy2/3+
2x12yy2B+2xx2yy2/3—xlx2yy2B—xx3yy2/3—2xlx3yy2/3—x2x3yy2/3+
2x32yy2/3+2x2y1y2/3—xx1y1y26—xx2yly2/3—2xx3yly2/3+xlx3yly2/3+
X2x3yly2B+y?yly2B3+yyl?y2B3-2x2y223+2xx1y22pB-x12y223+2xx3y22p3-
x32y22/3—y2y22/3+yyly22/3—y12y22/3—xxlyy3/3+2x12yy3/3—xx2yy3/3—
2x1x2yy3pR+2x22yy3B+2xx3yy3B-x1x3yy3B-x2x3yy3pR+2x>yly3p3-
xx1y1y3B—2xx2y1y3B+xlx2y1y35—xx3yly3B+x2x3y1y3B+y2yly35+
yy12y3/3+2x2y2y3B—2xxly2y3B—xx2y2y3[3+xlx2y2y3B—xx3y2y3B+
x1x3y2y3B+y°y2y33-6yyly2y38+yl®y2y38+yy2°y3B+yly2’y3p3-
2x2y32pR+2xx1y32B-x12y32p3+2xx2y32B-x22y32p3-y2y32pR+yyly32p-
y12y32B+yy2y32B+yly2y323-y22y32 3-x?x2%y1+2xx1x2%y1-x12x2%y1+
2x2x2x3yl—4xxlx2x3yl+2x12x2x3yl—x2x327/1+2xxlx327(l—x12x32yl—
2x2%y? y1+4x2x3y?y1-2x3%y?y1+2x2°yylyl-4x2x3yylyl+2x3%yylyl-
x22y12y1+2x2x3y1%y1-x32y12y1+2xx2yy2yl-2xx3yy2yl-2x2x3yy2yl+
2x32yy27{1—2x2y22yl+2xxlyzzyl—xlzy227/l+2xx3y22yl—x32y22yl—y2y22>,/l+
2yyly22yl—y12y2271—2xx2yy3yl+2x22yy3yl+2xx3yy3yl—2x2x3yy3yl+
4x2y2y3y1l-4xx1y2y3yl+2x1%y2y3y1-2xx2y2y3yl-2xx3y2y3yl+
2x2x3y2y3yl+2y?y2y3yl-4yyly2y3yl+2yl?2y2y3yl-2x?y32y1l+2xx1y3?yl-
x12 y32>(l+2xx2y327(1—x22 y32yl—y2 y327(l+2yyly32>/l—yl2 y327,/1—x2 x1%y2 +
2xx12x2y2 - x12x22y2+2x?> X1 x3y2 -4 x x1 x2x3 y2 +2 x1 x22 x3 y2 - x> x32y2+
2xx2x32y2-x22x32y2-2x12y?y2+4x1x3y?y2-2x3%2y2y2+2xx1yyly2-
2xx3yyly2—2xlx3yyly2+2x32yyly2—2x2y12y2+2xx2y12y2—x22y127(2+
2xx3y12y2—x32y12y2—y2y12y2+2xlzyy2y2—4xlx3yy2y2+2x32yy2y2+
2yy1?y2y2 - x1%2y22y2 +2x1x3y2%y2 - x32y22y2-y1?y22y2 -2 x x1yy3y2+
2x1%2yy3y2+2xx3yy3y2-2x1x3yy3y2+4x>yly3y2-2xx1yly3y2-
4xx2yly3y2+2x22yly37/2—2xx3y1y37(2+2xlx3y1y3y2+2y2yly3y2—
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4yyly2y3y2+2yly22y3y2-2x2y32y2+2xx1y32y2-x12y32y2+2xx2y3%y2-
x22y32y2 -y2y32y2+2yy2y32y2-y22y32y2 - x? x1%y3 +2 x2 X1 x2 ¥y3 - x* x22 y3 +
2XX12x3y3-4xX1X2x3y3+2xx2%2x3y3-x12x32y3+2x1x2x3%2y3-x22x32y3-
2x1%2y? y3+4x1x2y?¥y3-2x2%2y?y3+2xx1yyly3-2xx2yyly3-2x1x2yyly3+
2x22yyly3—2x2y127(3+2xx2y12y3—x22y127(3+2xx3y12y3—x32y12y3—
y2y12y3-2xx1yy2y3+2x12yy2y3+2xX2yy2y3-2x1x2yy2y3+4x?yly2y3-
2xxlyly2y3—2xx2y1y2y3+2x1x2yly2y3—4xx3yly27/3+2x32yly2y3+
2y2yly2y3-2x2y22y3+2xx1y22¥3-x12y22y3+2xx3y22y3-x32y22y3-y?y22y3+
2x12yy3y3—4xlx2yy3y3+2x22yy3y3+2yy12y3y3—4yyly2y3y3+2yy22y3y3—
x12y32y3 +2x1 x2y3%2y3-x2%2y32y3-y12y32y3+2yly2y32y3-y22y32y3, 0,
~x1%2B+Xx1x2B-x22B+Xx1 x3B+Xx2x3B-x32B-y1?B+yly2B-y22B+yly3B+y2y33-
y32B-x2%2y1+2x2x3yl-x32y1-y22y1+2y2y3yl-y32y1l-x1%y2+2x1Lx3y2-x3%y2-
y1?¥2+2yly3y2-y3%y2 - x1%y3+2x1x2y3-x2° y3-y1? y3+2yly2y3-y2*y3},

{0, 0, (x2y1-x3yl-x1y2+x3y2+x1y3-x2y3)°}}

ineas)= {Length[%[[1]1]], Length[%[[2]]1]}
oute49= {5, 3}

neso= ratio = Factor[ Factor[ %%[[11]1[[5]1]1 272 / %%[[2]11[[3111 /. ySubs]
Out[250]= (22 (-3B+X1IXx2PB+X1 x3B+x2x3B+yly2LB3+yly3B+y2y3B3-2y1+2x2x3yl+
2y2y37/1—27{2+2xlx3y2+2yly3y2—2y3+2x1x2y3+2yly2y3))/
(x2yl-x3yl-x1y2+x3y2+x1ly3-x2y3)>2

nes1= ratio2 =
Factor [Factor[Factor[ -4 ( ( (9-XHA2-YH"2) /2) B + D1yl + D2y2 + D3y¥3) z"2 /
(D1D2D3) /. unXYASubs] /. DSubs] //. ySubs]
mﬁm:—((f(—35+x1x2B+xlx3B+x2X3B+yly25+yly35+y2y3B—2yl+2x2x3yl+
2y2y3y1—2y2+2xlx3y2+2yly3y2—2y3+2xlx2y3+2yly2y3))/
(2 (-1+x1x2+yly2) (-1+x1x3+yly3) (—1+x2x3+y2y3)))

ines21= Factor [%% / %]
2 (-1+x1x2+yly2) (-1+x1x3+yly3) (-1+x2x3+y2y3)

out252]= —

(-x2yl+x3yl+xly2-x3y2-xly3+x2y3)?

inesa= Factor[% /. tSubsSp]

out2531= 1

(* Lemma 11 Check. =)

nesal= L = 3-X2X3-x3x1-x1x2-y2y3-y3yl-yly2
outes4l= 3 - X1 X2 -X1Xx3-%X2x3-yly2-yly3-y2y3
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iness:= Factor[Factor[2 ¢ - D1 - D2 - D3 /. DSubs] //. ySubs]

out[2s51= O

(* So H is of form (4) and satisfies (5) =)
nes7= LL = (2 /7H) ((1-x1) yl (c1A2-1) +
(1-x2) y2 (c272-1) + (1 -x3) y3 (c372-1) + (yl+y2+y3) (1-clc2c3))
ous7= (2 ((-1+¢1?) (1-x1) yl+ (-1+c2?) (1-x2) y2+ (-1+c3%) (1-x3)y3+
(1-clc2c3) (yl+y2+y3)))/(1-c1?-c2®+2clc2c3-c3?)

ne2ss= Factor [CoefficientList[Numerator[%], {c3, c2, c1}]]

ouessl= {{{2 (X1yl+x2y2+x3y3), 0, -2 (-1+x1)yl}, {0,0,0}, {-2 (-1+x2)y2,0,0}},
{{6, 0, 0}, {0, -2 (y1l+y2+y3), 0}, {0,0, 0}},
{{-2 (-1+x3) y3, 0, 0}, {6, 0, 0}, {0, 0, 0}}}

ines9= Factor [
Factor[Factor[%[[2]]1[[2]1[[2]1] ¢ + %[[1]1[[1]11[[311D1 + %[[1]1]1[[3]11[[1]]D2 +
%[[3]1[[1]11[[11]1D3] /. DSubs] //. tSubsSp]

out[2591= O
n2e0= RR = (2 /H) ((1+x1) x1 (c172-1) + (1+x2) x2 (c222-1) +
(1+x3) x3 (c372-1) + (1 +x1+x2+x3) (1-clc2c3))
outeeol- (2 ((-1+¢1%) x1 (1+x1) + (-1+c2?) x2 (1+x2) + (-1+¢3%) x3 (1+x3) +
(1-clc2ce3) (1+x1+x2+x3))) /(1-c1?-c2®+2clc2c3-c3?)

nee1)= Factor [CoefficientList[Numerator[%], {c3, c2, c1}]]

ouzsil- {{{-2 (-1+x1%+x2%+x3%), 0, 2x1 (L+x1)}, {0, 0,0}, {2x2 (1+x2), 0, 0}},
({6, 0,0}, {0, -2 (1+x1+x2+x3), 0}, {0, 0, 0}},
{{2x3 (1+x3), 0, 0}, {6, 0,0}, (0,0, 0}}}

inee2= Factor [
Factor [Factor[%[[2]1][[2]1]1[[2]1] ¢ + %[[1]11[[1]110[3]11D1 + %[[11][[3]1]1[[1]1]D2 +
%[[311[[111[[11]1D3] /. DSubs] //. tSubsSp]

out262]= O

(* Theorem 1 Check. *)

nees= H = 1 -¢cl17r2-¢c222-¢c322+2clc2c3 (* H = n"2 «)

out263)= 1 — cl>-c22+2clc2c3-c3?



46 | Rieck JMIV2017 Checks.nb

msap= LL = (2 /H) ((1-x1) yl (clA2-1) +
(1-x2) y2 (c272-1) + (1 -x3) y3 (c372-1) + (yl+y2+y3) (1-clc2c3))
ouzes= (2 ((-1+c1?) (1-x1) yl+ (-1+c2?) (1-x2) y2+ (-1+c3%) (1-x3)y3+
(1-clc2c3) (yl+y2+y3)))/(1-c1?-c2®+2clc2c3-c3?)

nees)- RR = (2 /H) ((1+x1) X1 (c172-1) + (1+x2) X2 (c272-1) +
(1+x3) x3 (€372-1) + (L+Xx1+x2+x3) (1-clc2c3))
ouzes= (2 ((-1+¢1?) x1 (1+x1) + (-1+¢2?) x2 (1+x2) + (-1+¢3%) x3 (1+x3) +
(1-clc2ce3) (1+x1+x2+x3)))/(1-c1?-c2®+2clc2c3-c3?)

ines)= Factor [
Factor [Factor [Factor[Factor[Factor [Factor[Factor[LL /. cSubs] /. r2RSubs] /.
DRSubs] //. tSubsSp] /. untSubs] //. ySubs] //. ySubs] /. Z-» z"2]
1

ZZ

Out[266]= (—y—2xy+x2y+2x3y+x2y—x2x2y+x3y—x2x3y+x2x3y—x2x2x3y+y3+2xy3—x2y3—

x3y3—x2x3y3+y2+xy2—x2y2—x3y2—x3y2—xx3y2+x2x3y2+x3x3y2—y2y2—
xy2y2+x3y2y2+xx3yzy2+y3+xy3—x2y3—x3y3—x2y3—xx2y3+x2x2y3+x3x2y3—
y2y3—xy2y3+x2y2y3+xx2y2y3—yy2y3+xzyy2y3+y3y2y3+2yzz+2xyzz)

nze7:.= Factor [ XYAReduce[ %] /. tweak3]

1 2 3 2 3
Out[267)= —2<—y—2xy+x Yy+2xX y+XHYy -x2 XHy +y> +
z

2xy3—XHy3+YH+xYH—x2YH—x3YH—yzYH—xyzYH+2y22+2xyzz)

niees;= {Numerator [%], Denominator[%]}
Out[268]= {—y—ny+x2y+2x3y+XHy—x2XHy+y3+2xy3—
XHy? + YH+x YH-x* YH-x*YH-y? YH-x y? YH+ 2y z* + 2 x y 2%, Z?}

nieeoy= Factor [CoefficientList[%[[1]], z]]
outees= { (-1 +x%+y?) (y+2xy-XHy-YH-xVYH), 0,2 (1+x) y}

nie7op= LLL = UnCoefficientList[%, z] / z"2
(-1+x*+y?) (y+2xy-XHYy-YH-xYH) +2 (1+x) y 2z

out[270]=

ZZ
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ne71= Factor [
Factor [Factor [Factor[Factor [Factor [Factor[Factor[ RR /. cSubs] /.
DRSubs] //. tSubsSp] /. untSubs] //. ySubs] //. ySubs] /. Z - z72]

r2RSubs] /.

1

Z2

oute71]= — (x—xz—x3+x4—x2+xx2+x2x2—x3x2—x3+xx3+x2x3—x3x3—x2x3+xx2x3+x2x2x3—

x3x2x3+y2—xy2+x2y2—xx2y2+x3y2—xx3y2+x2x3y2—xx2x3y27y4fyy2Jr
x2yy2+x3yy2—x2x3yy2+y3y2—x3y3y2—yy3+x2yy3+x2yy3—x2x2yy3+y3y3—
x2y3y3+y2y3—xy2y3—x2y2y3+x3y2y3—y2y2y3+xy2y2y3+zz—2x22+x222—y222)

ne72= Factor [ XYAReduce[ %] /. tweak3]

1
- —(x=x? = %%+ x* - XH + x XH+ x* XH - x*> XH + y? -
2

z
xy2+XHyz—xXHyz—y4—yYH+x2yYH+y3YH+22—2xzz+x222—y222>

out[272]=

ine73= {Numerator[%], Denominator[%]}
out273)= {—x+x2+x3—x4+XH—xXH—x2XH+x3XH—y2+xy2—

XHy2+xXHyz+y4+yYH—x2yYH—y3YH—22+2x22—x2zz+y222,22}

ne74;= Factor [CoefficientList[%[[1]], z]]
ouzzae { = (=1+x%+y?) (-x+x* + XH-xXH-y? +yYH), 0, - (-1+x-y) (-1+x+Yy)}
nz7s;= RRR = UnCoefficientList[ %, z] / zA2

“(-1+x?+y?) (-x+x?+XH=-XxXH-y?+y YH) - (-1+x-Yy) (-1+x+y) Z*

out[275]=
22

(* Corollary 1 Check. =)

Factor[H * ((1+x3) LL + Y3RR + 2 (1 +x3) y3) / (yl-y2)]
1

In[276]:=

Out[276]= — ———

yl-y2

2 (-cl®?yl+clc2ce3yl-xlyl+cl?xlyl-cl?x3yl+clc2c3x3yl-x1x3yl+cl?x1x3yl-
c2?2y2+clc2c3y2-x2y2+c2?2x2y2-c2?°x3y2+clc2c3x3y2-x2x3y2+
c2?x2x3y2-2y3+cl?y3+c2?2y3-cl?xly3+clc2c3xly3+x12y3-cl?x1?y3-
c2? x2y3+clc2c3x2y3+x2%y3-c2?x2?y3-2x3y3+cl?x3y3+c2?x3y3)
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n277:= Factor [Factor [CoefficientList[%, {c3, c2, c1}]] //. special]
2 (x1yl-x2yl-x1y2+x2y2+2y3-2x1?y3-2x2%y3+2x3y3)

Out[277]= { { { )

yl-y2
2 (-yl+xlyl+y2-x1y2+y3-2x1>y3+x3y3)
% yl-y2 },
2 (-yl+x2yl+y2-x2y2-y3+2x2°y3-x3y3)

(0, 0,0}, { , 0,0/},

yl-y2
({6, 0,0}, (6,0,0), (6,0,0}}}

ine7e:= Factor[% //. tSubsSp]

413 (-2t2-1t3+12%t3) (-3+1t3?) 4 (-t2-21t3+12 t32)2
overa- {{{- , 0, b
(1+t22) (1+1t3?%)° (1+t22) (1+1t3?%)°
4 (t2-13)2
(0, 0,0}, {- ,0,0}}, ({0,0,0),1{6,0,0},(0,0,0)}}

(1+1t2%) (1+13%)

in279= %[ [1]1]

4 t3 (-2 t2 - t3+t2? t3) (-3+t32) 4 (-t2-2t3+1t2 t32)2
Out[279]= {{— ) 0: }’
(1+1t22) (1+1t3%)° (1+1t2%) (1+13%)°
4 (t2-1t3)2
(0, 0,0}, {- 0,0}

(1+1t2?%) (1+13%) ’

ineso)= Factor [D1 (1-c272) -D2 (1-cl172) /. DSubs]

outzsole - x12 + €12 x1% + x22 - 2?2 x22 +2x1x3-2c1?x1 x3-2x2%x3+2c2%x2x3+cl?x3%2-c22x3%-
y12 +c1?y12+y22 - c2?y22+2yly3-2cl?yly3-2y2y3+2c2?y2y3+cl?y3?-c2?y3?

nesi= Factor [Factor [Factor[CoefficientList[%, {c3, c2, c1}]] //. ySubs] //. special]
ouesi- {{{2 (x1-x2) (1+2x3), 0,2 (1+x2-2x1x3)}, {0,0, 0}, {-2 (L+x1-2x2x3), 0, 0}}}

inesz;= Factor[% //. tSubsSp]

413 (-2 t2 - t3 + t22 t3) (-3+t32> 4 (—t2—2t3+t2 t32)2
ovsa- {{{- , 0, b
(1+t22) (1+1t3?%)° (1+t22) (1+13?%)°
4 (t2-1t3)2
{0, 0, 0}, {- 0
> ’{ <1+t22) (1+t32)’ ’ }H
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in2s3)= %[ [1]]

4 t3 (-2 t2 - 3+ 122 t3) (—3+t32) 4 (-t2-21t3+12 t32)2
Out[283]= {{— ) 0: }’
(1+1t2%) (1+1t32)° (1+t2%) (1+1t3?%)°
4 (t2-1t3)2
{0, 0,0},{— , 0, 0}}

(1+1t2?%) (1+13%)

ines4:= Factor [%%%%% — %]
oupess= {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}

ineoj= Factor[ ((1+x3) LLL + Y3RRR + 2 (1 +x3) y3) / (yl-y2) /. unXYASubs]

1
out[290)r - —m8M8 —————
(yl-y2) z?

(y+2xy—x2y—2x3y—xly+x2xly—x2y+x2x2y+2xx3y—2x3x3y—xlx3y+x2xlx3yf
x2x3y+x2x2x3y—x32y+x2x32y—y3—2xy3+x1y3+x2y3—2xx3y3+xlx3y3+
x2x3y3+x32y3—yl—xyl+x2yl+x3yl—x3yl—xx3yl+x2x3yl+x3x3yl+
y2yl+xy2yl+x3y2yl+xx3y2yl—y2—xy2+x2y2+x3y2—x3y2—xx3y2Jr
x2x3y2+x3x3y2+y2y2+xy2y2+x3y2y2+xx3y2y2—y3+x4y3—xly3+xxly3+
x2x1y3—x3xly3—x2y3+xx2y3+x2x2y3—x3x2y3—2x3y3+2x2x3y3+
2y2y3+xly2y3—xxly2y3+x2y2y3—xx2y2y3+2x3y2y3—y4y3—yyly3+
xzyyly3+y3yly3—yy2y3+x2yy2y3+y3y2y3fyy32+x2yy32+y3y32—2y22—
2xy22—2x3y22—2xx3y22—y322—2xy322+x2y322—2x3y322—y2y322)

neot:= Factor[% //. tSubsSp]

ouzere — ((-3t3-31t22t3+t3%+ 127 t3%+4t3x-4t2° t3 x-81t2t3% x+2t3 x%+2t22 t3x* - 213 x* -
2122332 -4t3x3+ 4122133+ 8121323 + 3 x* + 22 3 X + 133 x* + 122 33 X -
2y +2t22y+4t2t3y+2t3%y-2t22t3%°y-4t2t3%3y+2xy+2t2°2xy+2t3%xy+
2122132 xy+2x2y-2t22x°y-4t2t3x2y-21t32x2y+2t22t32x°y+4t2t33x%y -
2x3y-2t22x3y-21t32x3y-2t22t32x3y+4t3y?+4t22t3y2-4t3xy?+
412213 xy?+8t2t3%2xy?+2yd-2t22yd4t2t3yd-2t32y3+2t22132y3
42133y -2xyP-2t22xyPo2t3%xy - 2t22 3% xy -3yt - t22 3yt - 33yt -
122133 y* - 3t322-31t221t32%2+t3%3 22+ t22 13322 -2t3xz?-2t22t3xz2-2t33x z* -
2t22t33x22+t3x222+t22t3x222+t33x222+t22t33x222—2yz2—2t22y22—
2t32y22—2t22t32y22—2xy22—2t22xyzz—2t32xyzz—2t22t32xyzz—
t3y? 22 - t22t3y? 22 - 133 y? 22 - 2% t3%y? 7%) / ((-2t2-t3+ 2% t3) (1+1t3?) Z2?))
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2= Factor [
2 (1+x3)y3/ (yl-y2) +
(Y37 (yl-y2)) (y*2-(x-1)22) + ((1+x3)/ (yl-y2)) (2 (x+1)y) +
((1+2x3) y3/ (yl-y2) - (y3/ (yl-y2)) (y*2-x"2) - ((1+x3)/ (yl-y2)) (2xy) +
(2 (X1 +x2) x3/(yl-y2))y - (2 (x1+x2)y3/(yl-y2))x ) (L-x"2-yhr2)/z"2

1

out[292]= —

(yl-y2) z?

(2xy—2x3y+2xx3y—2x3x3y—2xlx3y+2x2xlx3y—2x2x3y+2x2x2x3y—2xy3—
2xx3y3+2x1x3y3+2x2x3y3—y3+x4y3+2xx1y3—2x3xly3+2xx2y3—2x3x2y3—
2x3y3+2x2x3y3+2y2y3—2xx1y2y3—2xx2y2y3+2x3y2y3—y4y3—2yzz—
2xyzz—2x3yzz—2xx3yzz—y322—2xy322+x2y3zz—2x3y322—y2y322)

ni2es;= Factor[% //. tSubsSp]

oueal- — ((-3t3-31t2°t3+t3%+1t2°t3%+4t3x-4t2° t3x-8t2t3% x+2t3x*+2t2% t3x* -2t3° x* -
2122133 X% - 4133+ 412237+ 812137 x® + t3 x* + 122 3 x* + 33 x* + 122 133 X -
2y+2t22y+4t2t3y+21t32y-2t22t3%2y-4t2t33y+2xy+2t22xy+2t3%xy+
2122137 xy+2x2y-2t22x?y-4t2t3x°y-2t32x?y+2t22t32x?y+4t2t33x%y -
2x3y-2t22x3y-21t32x3y 2122132 x3y+4t3y?+4t22t3y? -4 t3xy?+
412213 xy?+8t2t3%xy?+2yd-21t22yd—4t2t3y3-2t3%y 2122 13%y3
4t2t33y3—2axyd-2t22xyi-2t32xyP-2t22 132 xy - t3y o223yt - 33yt -
122133 y* - 3t322-31t22t32%2+t3%3 22+ t22 13322213 xz2-2t22t3xz2-2t33xz?-
2t22t33xzz+t3x2zz+t22t3x2zz+t33x222+t22t33x222—2y22—2t22y22—
2t32y22—2t22t32yzz—2xy22—2t22xy22—2t32xyzz—2t22t32xyzz—
t3y?z? -2 t3y? 22 - t3°y? 22 - 122 t3% y? 7%) / ((-2t2-t3+ t22 t3) (1+1t3%) 2%))

Ino4):= Factor[ %%% - % ]

oute94= O

neos= temp = Factor[ Factor[ Factor [
2 (1+x3) % {(1-x1)yl, (1-x2)y2, (1-x3)y3, -(yl+y2+y3)} +
2y3 * {(1+x1) x1, (1+x2) x2, (1 +x3) x3, - (1+x1+x2+x3)} +
2 (L+x3)y3{-1, -1, -1, 2}

1 //. ySubs] //. ySubs]
ouzes= {-2 (-yl+x1yl-x3yl+x1x3yl+y3-x1y3-x1%?y3+x3y3),
-2 (—y2+x2y2—x3y2+x2x3y2+y3—x2y3—x22y3+x3y3),
0, -2 (yl+x3yl+y2+x3y2+x1y3+x2y3)|



In[296]:=

Out[296]=

In[297]:=

out[297]=

In[298]:=

Out[298]=

In[299]:=

Out[299]=

In[300]:=

Out[300]=
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Factor[Factor[(yl-y2) {D2, -D1, 0, O} /. DSubs //. ySubs] //. ySubs]
{-2 (yl-y2) (-1+x1x3+yly3),2 (yl-y2) (-1+x2x3+y2y3), 0, 0}

Factor[temp - % //. tSubsSp]
{0,0,0, 0}

Factor[temp -

2{
yl-y3-x1yl-x3y3+x1y3+x3yl+x172y3-x1x3yl,
y2-y3-x2y2-x3y3+x2y3+x3y2+x2722y3-x2x3y2,
0,

-(Yl+y2+x1y3+x2y3+x3yl+x3y2)
31
{6, 0, 0, 0}

A3 = ( (Yl+y2-y3) ((y+y3)"2 - (x+x3)"2) -
2 (1+x1+x2+x3) (x+x3) (y+y3) ) /
(-yl+y2+y3+2x1y2)

“2 (X +x3) (L+x1+x2+x3) (y+y3) + (yl+y2-y3) (- (x+x3)%+ (y+y3)?)

-yl+y2+2x1y2+y3

B3 = (x1-x2) (1+2x3)/2 +

( (y3-yl-y2) ((Y-(yl+y2)/2)"2 - (Xx-(X1+x2)/2)"2) +
2 (1+X1+X2+x3) (X=- (X1+X2)/2) (y-(yl+y2)/2) ) /
(-yl+y2+y3+2x1y2)
1

1
— (X1 -x2) (1+2x3) +
2 -yl+y2+2x1y2+y3

1
X+ — (=x1-x2)

—_—
N
—
N

(1 +X1+x2+x3) (y+ (—yl—y2)]+

1
2
2 1 2
+ {y+ 5 (—yl—y2>J ] <—yl—y2+y3>]

| 51
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nEoi= T3 = Factor([
Factor[Factor[Factor[Factor[A3+B3 (1-x"2-y”*2) /zA2] //. ySubs] //. ySubs] //.
special] //. special]
1

Out[301]=
2 (yl-y2-2x1y2-y3) z?

(—4y—4xy+4x2y+4x3y—4xxly+4x3xly+4x12y—4xlezy—4xx2y+4x3x2y+4x22y—
4x2x22y+4x3y—4xx3y—4x2x3y+4x3x3y+4xlx3y—4x2xlx3y+4x2x3y—
4x2x2x3y+4y3+4xy3+4xxly3—4x12y3+4xx2y3—4x22y3—4x3y3+4xx3y3—
4x1x3y3-4x2x3y3+2yl1-4x2yl+2x*yl+4x1yl+4xxlyl-4x*xlyl-4x3xlyl+
2x1%y1-2x*x1%y1+4x1x2yl-4x*x1x2yl-3x22yl+3x*x2%yl-4x1y?yl-
4xxly2y1—2x12y2y1—4x1x2y2y1+3x22y2yl—2y4y1+l4y2—16x2y2+
2x*y2-14x1%2y2+ 14 X3 X1%2y2+4X2Yy2+4 X X2Y2 -4 x*>x2y2 -4 x3x2y2 - x1X2y2 +
X2 Xx1x2y2-10x22y2+10 x> x2%y2 +16x1x2x3y2-16 x> x1x2x3y2-12y>y2+
14 x12y? y2 -4 x2y?y2 -4 xx2y?y2 + x1 x2 y? y2 + 10 x22 y? y2 - 16 x1 x2 x3 y? y2 -
2y4y2—12y12y2+12x2y12y2+12y2y12y2+2y3—4xy3+4x3y3—2x4y3+2xly3—
4xxly3—2x2xly3+4x3xly3+x2y374xx2y3—x2x2y3+4x3x2y3+8xlx2y3—

8 x? x1x2y3+4x1>x2y3-4x>x1%>x2y3+4x1x2%y3-4x*x1x2%y3-2x1x3y3+
2x2x1x3y3+2x2x3y3—2x2x2x3y3—4y2y3+4xy2y3—2xly2y3+4xxly2y3—
x2y2y3+4xx2y2y3—8xlx2y2y3—4x12x2y2y3—4xlx22y2y3+2xlx3y2y3—
2x2x3y2y3+2y4y3—8x2y1y2y3+8x2x2yly2y3+8x2y2yly2y3+4yzz+4xy224r
4x1yz?+4xx1yz?+4x2yz?+4xx2yz°+4x3yz2+4xx3yz?-2ylz?-4xylz?+
2x2yl22+4x32y122—2y2ylzz—2y222—4xy222+2x2y222+4x32y222—2y2y222+
2y322+4xy322—2x2y3zz+4x3y3zz+4xlx3y322+4x2x3y3zz+2y2y322)

in@o2i= TT3 =
Factor [Factor [Factor [Factor[Factor [Factor [Factor[ (D1 (1-¢c272) -D2 (1-c172))/
H /. cSubs] /. r2RSubs] /. DRSubs /.
Z-»2z"2] //.ySubs] //. ySubs] //. special] //. special]

om[goz]:—<(2 (—2xx1+2x3xl+x12+2xx12—2x2x12—2x3x12+x4xlz—xl3+2xxl3—2x3x13+x4x13—
2X2-2xXX2+2x2x2+2x3x2+6xx1?°x2-6x3x1%2x2+2xx13x2-2x3x13x2-
x22 -2 x x22 + 2 x2 x22+ 2 x3 x22 - x* x22 -2 x1 x22 -4 x x1 x2%2 + 2 x? x1 x2% +
4x3x1x2%2+x2%3+2xx23-2x3x23 - x* x23 -2 x x1x2%3 + 2 x3x1 x23 -2 x x1 X3 +
2x2x1x3+2x3x1x3-2x*x1x3-4xx12x3+2x?>x12x3+4x3x12x3-2x*x12x3-
2xx13x3+2x3x13x3+4xx2x3-2x*x2x3-4x3x2x3+2x*x2x3+4x1%x2x3-
4xx12x2x3-2x2x1%2x2x3+4x3x12x2x3-2x*x12x2 x3 +4xx2%x3-2x%x2%x3-
4 x3x22x3+2x*x22x3-2x xL x22x3 -2 x? x1x22 x3 +2 x> x1 x22x3 +2 x* x1 x2% x3 -
x1x3%+ x* x1 x3% +2x1? x32-2x%x1% x3% + 2 x13 x3% - 2 x? x13 x3% + x2 x3° +
2xx2x32-2x3x2x3% - x*x2x3%-2x1%x2x3% -4 xx12x2x3%2+2x?x1%x2x3%+
4 x3 x1% x2 x3% - 2 x2% x3% + 2 x? x2% x3% + 2 x1 x2% x3% + 6 x x1 x2% x3% - 2 x? x1 x2% x3? -
6 x3 x1 x22 x32-2x23x32+2x? x23x3% -4 x1 x3%+2 x x1 x3%+2 x? x1 x3° -
2x3x1x3%3+2x* x1x33+4xx12x3%-4x3x12x3%+2x2x3%-2xx2x3%+2x3x2x3%-
2x*x2x3% -4 x12 x2 x3% + 4 x? x12 x2 x3% - 4 x x22 x3% + 4 x® x22 x3% + 6 x1 x2? x3° -

6x2x1x22x33-2x1x3%+2x2x1x3%+2x2x3%* -2 x?x2x3* + 2 xx1y? -2 xx1%y?+
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2xl3y2—2xx13y2+2x2y2+2xx2y2—6xx12x2y2—2xxl3x2y2+2xx22y2+
2xlx22y2+4xxlx22y2—2x23yz—2xx23y2+2xxlx23y2—2xlx3y2Jr
2xxlx3y2—2x12x3y2+4xx12x3y2+2xx13x3y2+2x2x3y2—4xx2x3y2—

6 X12 x2 x3y? +4xx12x2x3y?+2x22x3y? -4 xx2%2x3y?+2x1x22x3y%+
2xxlx22x3y2+2xlx32y2—2x12x32y2—2xl3x32y2—2x2x32y2—2xx2x32y2+
2x12x2x32y2+4xx12x2x32y2+2x22x32y272xlx22x32y2—6xxlx22x32y2Jr
2x23x32y2+6x1x33y2—2xxlx33y2—4xx12x33y2—4x2x33y2+2xx2x33y2+
4x12x2x33y2+4xx22x33y2—6x1x22x33y2+2xlx34y2—2x2x34y2—x12y4—
xl3y4+x22y4+x23y4+2x1x3y4+2x12x3y4—2x2x3y4+2x12x2x3y4—2x22x3y4—
2xlx22x3y4—xlx32y4+x2x32y4—2xlx33y4+2x2x33y4—2yyl+6xyyl+
2x2yyl-6x3yyl-2x1yyl-2xxlyyl+2x’x1lyyl+2x3xlyyl+2x1%2yyl-
8xx12yyl—2x2xlzyyl+8x3xlzyyl—2xxlx2yyl+2x3xlx2yyl+4x22yyl—
6xx22yyl—4x2x22yyl+6x3x22yyl—4xlx2x3yyl+8xxlx2x3yyl+
4x2xlx2x3yyl—8x3x1x2x3yyl+2x22x32yyl—2x2x22x32yyl+2xx33yyl—
2x3x33yyl—2x1x33yy1+2x2xlx33yyl+2y3yl—6xy3yl+2xly3y1+
2xxly3yl—2x12y3yl+8xx12y3yl+2xxlx2y3y1—4x22y3yl+6xx22y3yl+
4xlx2x3y3yl—8xx1x2x3y3yl—2x22x32y3yl—2xx33y3yl+2xlx33y3yl+
2x1y1%+2xx1y1?-2x?x1y1?-2x3x1y1?-2xx2x3y1?+2x3x2x3y1%-
2xly2y12—2xx1y2y12+2xx2x3y2ylz+2yyl3—6xyyl3—2x2yyl3+
6x3yyl3—2y3yl3+6xy3yl3+2yy2—6xyy2—2xzyy2+6x3yy2—4xlyy2—
4xxlyy2+4x2xlyy2+4x3xlyy2—4x12yy2+4xx12yy2+4x2x12yy2—
4x3x1%2yy2+2x13yy2-2x2x13yy2+2X2yy2+2xx2yy2-2x>x2yy2-
2x3x2yy2—2xxlx2yy2+2x3xlx2yy2—2x22yy2+6xx22yy2+2x2x22yy2—
6x3x22yy2+2xlx22yy2—2xzxlx22yy2+4xlx2x3yy2—8xxlx2x3yy2—
4x2xlx2x3yy2+8x3x1x2x3yy2+8xxlx32yy2—8x3x1x32yy2—4x12x32yy2+
4x2x12x32yy2—2xlx2x32yy2+2x2xlx2x32yy2—2xx33yy2+2x3x33yy2+
2x2x33yy2—2x2x2x33yy2—2y3y2+6xy3y2+4xly3y2+4xxly3y2+
4x12y3y2—4xx12y3y2—2x13y3y2—2x2y3y2—2xx2y3y2+2xxlx2y3y2Jr
2x22y3y2-6xx22y3y2-2x1x2%2y3y2-4x1x2x3y3y2+8xx1x2x3y3y2-
8xxlx32y3y2+4x12x32y3y2+2xlx2x32y3y2+2xx33y3y2—2x2x33y3y2—
2yy12y2+6xyy12y2+2x2yy12y2—6x3yy12y2+2y3‘y12y2—6xy3y12y2Jr
2xx1y22-2x3x1y2%-2xx1x3%y2%+2x>x1x3%y22+2x1x3%y2%-2x?x1x3%y2?-
2xxly2y22+2xxlx32y2y22—2xlx33y2y22—2yy3—2xyy3+2x2yy3+
2x3yy3—2xl3yy3+2x2xl3yy3—2xx2yy3+2x3x2yy3—2xx12x2yy3+
2x3‘x12x2yy3+2x22yy3—2x2x22yy3+2x23yy3—2x2x23yy3—2xlx3yy3Jr
2x2xlx3yy3+2x2x3yy3—2x2x2x3yy3+4xx32yy3—4x3x32yy3—2x1x32yy3—
2xxlx32yy3+2x2xlx32yy3+2x3x1x32yy3+2x12x32yy3—2x2x12x32yy3+
2xx2x32yy3—2x3x2x32yy3—2x22x32yy3+2x2x22x32yy3+2y3y3Jr
2xy3y3+2x13y3y3+2xx2y3y3+2xx12x2y3y3—2x22y3y3—2x23y3y3+
2x1x3y3y3—2x2x3y3y3—4xx32y3y3+2x1x32y3y3+2xxlx32y3y3—
2x12x32y3y3—2xx2x32y3y3+2x22x32y3y3+2xx22yly3—2x3x22yly3—
2xxlx2x3yly3+2x3xlx2x3yly3—2xx22y2yly3+2xxlx2x3y2yly3Jr
2x2yy12y3—6xx2yy12y3—2x2x2yy12y3+6x3x2yy12y3—2x2y3y12y3+
6xx2y3y12y3+2xx22y2y3—2x3x22y2y3—2xx22y2y2y3—2x2yyly2y3+
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4xx2yyly2y3+2x2x2yyly2y3—4x3x2yyly2y3+2x2y3yly2y3—
4xx2y3yly2y3-2x12y32+2x?x1%2y32+2x2y32-2x2x2y3%2-2xx1%x2y3%+
2x3x12x2y32+2x22y32 -2 x? x22y3? + 4 x x1 x2% y3%2 - 4 x> x1 x22 y3? + 2 x1% y? y3? -
2x2y2y32+2xx12x2y?y32 -2 x2%2y?y32 -4 xx1x22y?y32-2xx1z%+x1%22%-
2xx12 22+ x?x12 22 - x13 22 + 2 x x13 22+ X3 x13 22 -2 x2 22 + 2 x x2 2% - 4 x x1? x2 Zz* -
x22 722 12 xx2%2 22 - x2x2%2 22 -2 x1x22 22+ 2 x x1 x22 22 + x23 22 1 2 x x23 2% -
x2x23 22 +2xx1x322-2x*x1x3z2+4xx1?x3z2-2x?>x1?x3z2+2xx13x3 2%+
2x2x2x32%+4x1%x2x32% -4 xx1?x2x32%-2x*>x1%*x2x32%-4xx2*x32%+
2x2x22x32%-2xx1x2%x32%+2x*x1x2%x3z%-4xx2%>x3z%-x1x3%2%-
2xx1x3% 2%+ x2x1x3% 2% +2x1%x3%2 22 +2x13x3% 22 + x2 x3% 2% - x> x2 x32 % -
2x1%x2x3%22%2 -2 x22x3%2 22 + 2 x1 x22 x3% 22 + 6 x x1 x2? x32 2% - 2 x23 x3%2 2% -
4x1x3°22-2xx1x33 22 +2x?x1x3* 22 +2x2x3% 2% + 2 x x2 x3% 2% - 2 x* x2 x3% z* -
4x12x2x3322+6xlx22x3322—2xlx3422+2x2x3422—x12y222—x13y222Jr
x22y222+x23y222+2x1x3y2zz+2x12x3y222—2x2x3y222+2x12x2x3y222—
2x22x3y222—2xlx22x3y2zz—x1x32y222+x2x32y222—2x1x33y222+
2x2x33y222—2yyl22—6xyyl22+2xlyyl22+2xxlyylzz+2x12yylzz+
8xx12yylzz+2xxlx2yylzz+2x22yylzz+6xx22yy122—4xlx2x3yylzz—
8xxlx2x3yylzz—2x32yylzz+2x22x32yy122—2xx33yylzz+2x1ylzzz+
2xxly1222—2xx2x3y12zz+2yy13zz+6xyyl322+2yy222+6xyy222—
4x1yy222+4xxlyy222—2x12yy222—4xx12yy222—2x2yy222—
2xx2yy222+2xxlx2yy222—2x22yy222—6xx22yy222+4xlx2x3yy222Jr
8Xxx1x2x3yy2z2+2x3%2yy2z2-8xx1x3%yy2z2+2x1x2x3%yy2z%+
2xx33yy222—2yy12y222—6xyy12y222—2xxly2222+2xxlx32y22zz+
2xlx33y2222—2yy322+2xyy322—4x12yy322—2x13‘yy322+2xx2yy322Jr
2xx12x2yy3zz+4x22yy322+2x23yy322+2x1x3yy322—2x2x3yy322+
4x12x2x3yy322—4xlx22x3yy3zz—4xx32yy3zz+2xlx32yy3zz+
2xxlx32yy322—2xx2x32yy322+2xx22yly3zz—2xxlx2x3yly3224r
2x2yy12y322+6xx2yy12y3zz+2xx22y2y322—2x2yy1y2y322—
4xx2yyly2y3z°-2x1%y3% 7% +2x2y3? 22 + 2 x x1% x2 y3% z2* + 2 x2° y3* 2°) ) /
((yl-y2+2x1y2+y3-2x1y3+2x2y3)?2z%))

nsosi= Factor [Factor [T3-TT3] //. tSubsSp]

out[303]= O
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nio4= TTT3 = Factor[((1+x3) LLL + y3RRR + 2 (1+x3) y3) / (yl-y2) /. unXYASubs]
1

Out304) — —M8M
(yl-y2) z?

(y+2xy—x2y—2x3y—x1y+x2xly—x2y+x2x2y+2xx3y—2x3x3y—x1x3y+x2x1x3y—
x2x3y+x2x2x3y—x32y+x2x32y—y3—2xy3+xly3+x2y3—2xx3y3+xlx3y3+
x2x3y3+x32y3—yl—xyl+x2yl+x3yl—x3yl—xx3yl+x2x3yl+x3x3yl+
y2y1+xy2yl+x3y2y1+xx3y2yl—y2—xy2+x2y2+x3y2—x3y2—xx3y2+
x2x3y2+x3x3y2+y2y2+xyzy2+x3y2y2+xx3y2y2—y3+x4y3—xly3+xxly3+
x2xly3—x3xly3—x2y3+xx2y3+x2x2y3—x3x2y3—2x3y3+2x2x3y3+
2y2y3+xly2y3—xxly2y3+x2y2y3—xx2y2y3+2x3y2y3—y4y37yyly3+
x2yyly3+y3yly3-yy2y3+x2yy2y3+y>y2y3-yy32+x?yy32+y3y32_2yzi-
2xyz®-2x3yz°-2xx3yz°-y3z°-2xy3z°+x*y3z°-2x3y32z°-y’y3z7’)

nizosi= Factor [Factor [T3 -TTT3] //. tSubsSp]

out[3051= O

nizoer= {Numerator [T3], Denominator[T3]}

Out[306]= {74y—4xy+4x2y+4x3y—4xxly+4x3xly+4x12y—4x2x12y—4xx2y+4x3x2y+4x22y—
4x2x22y+4x3y—4xx3y—4x2x3y+4x3x3y+4xlx3y—4x2xlx3y+4x2x3y—
4x2x2x3y+4y3+4xy3+4xxly3—4x12y3+4xx2y3—4x22y3—4x3y3+4xx3y3—
4x1x3y3-4x2x3y3+2y1-4x2yl+2x*yl+4x1yl+4xxlyl-4x*xlyl-4x3xlyl+
2x1%2y1-2x2x1%2y1+4x1x2yl-4x>x1x2yl-3x22yl+3x?>x2%2yl-4x1y?yl-
4xxly2yl—2x12y2y1—4x1x2y2y1+3x22y2y1—2y4yl+l4y2—16x2y2+2x4y2—
14x12y2+14x2x1%2y2 +4Xx2y2+4XxX2y2 -4 x2x2y2 -4 x3x2y2 - x1 x2y2 + x* X1 x2y2 -
10 x22y2 + 10 x> x22y2 + 16 X1 x2 x3y2 - 16 x> x1 x2 x3y2 - 12 y? y2 + 14 x12 y? y2 -
4x2y2y2—4xx2y2y2+xlx2y2y2+10x22y2y2—16x1x2x3y2y2—2y4y2—12y12y2+
12x2y12y2+12y2y12y2+2y3—4xy3+4x3y3—2x4y3+2xly3—4xxly3—2x2x1y3+
4x3x1y3+x2y374xx2y3—x2x2y3+4x3x2y3+8x1x2y3—8x2xlx2y3+4x12x2y3f
4x?x1%2x2y3+4x1x2%°y3-4x?x1x2%y3-2x1x3y3+2x?>x1x3y3+2x2x3y3-
2x2x2x3y3—4y2y3+4xy2y3—2xly2y3+4xxly2y3—x2y2y3+4xx2y2y3—
8xlx2y2y3—4x12x2y2y3—4xlx22y2y3+2x1x3y2y3—2x2x3y2y3+2y4y3—
8x2yly2y3+8x2x2y1y2y3+8x2y2yly2y3+4y22+4xy22+4x1y22+4xxly22+
4x2yZ°+4xx2yZ2+4x3yz?+4xx3yz2-2ylz?-4xylz?+2x?ylz?+4x3%ylz?-
2y2y122—2y222—4xy222+2x2y2zz+4x32y222—2y2y222+2y3zz+4xy3zz—
2x2y322+4x3y322+4xlx3y322+4x2x3y322+2y2y322,2 (yl-y2-2x1y2-y3) 22}
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ino7)= Factor[% /. (Yl-y2-2x1y2-y3) » (2 (1+x1) (1+x2) (yl-y2))/ (1+x1+x2+x3)]
out[307]= {—4y—4xy+4x2y+4x3y—4xxly+4x3xly+4x12y—4x2x12y—4xx2y+4x3x2y+

4x22y—4x2x22y+4x3y—4xx3y—4x2x3y+4x3x3y+4xlx3y—4x2xlx3yJr
4x2x3y—4x2x2x3y+4y3+4xy3+4xxly3—4x12y3+4xx2y3—4x22y3—
4x3y3+4xx3y3—4x1x3y3—4x2x3y3+2yl—4x2y1+2x4yl+4x1y1+4xxlyl—
4x2xlyl—4x3xlyl+2x12yl—2x2x12y1+4xlx2yl—4x2xlx2yl—3x22yl+
3xzx22yl—4xly2yl—4xxly2yl—2x12y2y1—4xlx2y2yl+3x22y2yl—

2yt yl1+14y2-16x2y2+2x'y2-14x12y2+14 x> x1°y2 + 4 x2y2 + 4 X X2 y2 -
4x2x2y2—4x3x2y2—xlx2y2+x2xlx2y2—10x22y2+10x2x22y2+16xlx2x3y2—
16 x> x1Xx2x3y2-12y2y2+14x12y?y2-4x2y?y2-4xx2y?y2+x1x2y2y2+
10x22y?y2-16x1x2x3y?y2-2y*y2-12y1?y2+12x?y1?y2+12y?y1?y2 +
2y3-4xy3+4x3y3-2x*y3+2x1y3-4xx1y3-2x?>x1y3+4x3x1y3+x2y3-
4xx2y3—x2x2y3+4x3x2y3+8xlx2y3—8x2x1x2y3+4x12x2y3—4x2x12x2y3+
4x1x22y3-4x*>x1x22y3-2x1x3y3+2x*x1x3y3+2x2x3y3-2x?x2x3y3-
4y2y3+4xyzy3—2x1y2y3+4xx1y2y3—x2y2y3+4xx2y2y3—8x1x2y2y3—
4x12x2y2y3—4x1x22y2y3+2xlx3y2y3—2x2x3y2y3+2y4y3—8x2y1y2y3+
8x2x2yly2y3+8x2y2yly2y3+4y22+4xyzz+4xlyzz+4xxly22+4x2y22+
4xx2y22+4x3y22+4xx3y22—2yl22—4xyl22+2x2y122+4x32y122—2y2y122—
2y2z2-4xy2z?+2x2y2z22+4x3%°y22° -2y y2z72+2y3z2+4xy3z?2-2x*y3z%+

4 (1+x1) (1+x2) (yl-y2) z?
4x3y322+4xlx3y322+4x2x3y322+2y2y3zz,

1+x1+x2+x3 }
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ineogl= T30 = Factor[%[[1]] /%[[2]]]
1

out[308]= —

4 (1+x1) (L+x2) (yl-y2) z?

(1+x1+x2+x3) (4y+4xy—4x2y—4x3y+4xx1y—4x3xly—4x12y+4x2x12y+4xx2y—
4x3x2y—4x22y+4x2x22y—4x3y+4xx3y+4x2x3y—4x3x3y—4xlx3y+4x2xlx3y—
4x2x3y+4x2x2x3y—4y3—4xy3—4xxly3+4x12y3—4xx2y3+4x22y3+4x3y37
4xx3y +4x1x3y>+4x2x3y>-2yl+4x?yl-2x"yl-4x1yl-4xx1yl+4x*x1lyl+
4x3xlyl—2x12y1+2x2x12y1—4x1x2yl+4x2xlx2yl+3x22yl—3x2x22yl+
4x1y?yl+4xxly?yl+2x12y?y1+4x1x2y?yl-3x2%2y2yl+2y?yl-14y2+16x%y2-
2x*y2+14x1%2y2-14x2Xx1%2y2 -4X2y2 -4 X X2Y2+4 x> x2y2 +4 x3 X2 y2 + X1 X2 y2 -

X2 X1 x2y2+10x22y2-10x>x2%2y2-16x1x2x3y2+16x?> x1x2x3y2+12y?>y2-
l4x12y2y2+4x2y2y2+4xx2y2y2—xlx2y2y2—le22y2y2+16xlx2x3y2y2+
2yty2+12y1%y2-12x%y12y2-12y?y1?y2-2y3+4xy3-4x3y3+2x*y3-2x1y3+
4xxly3+2x2xly3—4x3xly3—x2y3+4xx2y3+x2x2y3—4x3x2y3—8x1x2y3Jr
8x2xlx2y3—4x12x2y3+4x2x12x2y3—4xlx22y3+4x2xlx22y3+2xlx3y3—
2x2xlx3y3—2x2x3y3+2x2x2x3y3+4y2y3—4xy2y3+2xly2y3—4xxly2y3+
x2y2y3—4xx2y2y3+8xlx2y2y3+4x12x2y2y3+4xlx22y2y3—2xlx3y2y3Jr
2x2x3y2y3—2y4y3+8x2yly2y3—8x2x2y1y2y3—8x2y2yly2y3—4yzz—4xyzz—
4xlyzz—4xxly22—4x2y22—4xx2y22—4x3y22—4xx3yzz+2ylzz+4xylzz—
2x2yl22—4x32y122+2y2y122+2y222+4xy222—2x2y222—4x32y222+2y2y222—
2y322—4xy322+2x2y322—4x3y3zz—4xlx3y322—4x2x3y322—2y2y322)

nzooi= Factor [Factor [T3 -T30] //. tSubsSp]

out309= O

n10= Factor [Factor [TTT3 -T30] //. tSubsSp]

out3io]= O
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ni1= thingl =
(1+x1+x2+x3) (4y+4xy-4x2y-4x3y+4xxly—4x3xly—4x12y+4x2x12y+4xx2y-

4x3x2y—4x22y+4x2x22y—4x3y+4xx3y+4x2x3y—4x3x3y—4x1x3y+
4x2x1x3y—4x2x3y+4x2x2x3y—4y3—4xy3—4xx1y3+4x12y3—4xx2y3+
4x22y*+4x3y> -4xx3y +4x1x3y®+4x2x3y*-2y1+4x’y1-2x*yl-4xlyl-
4xXx1yl+4x>x1yl+4x3x1yl-2x12y1+2x?>x12y1-4x1x2yl+4x2x1x2yl+
3x22y1—3x2x22y1+4x1y2y1+4xx1y2y1+2x12y2y1+4x1x2y2y1—
3x2°y?y1+2y*yl-14y2+16x%2y2-2x*y2+14x1%y2-14x*x1°y2-4x2y2 -
4xx2y2+4x2x2y2+4x3x2y2+x1x2y2-x2x1x2y2+10x22y2-10x2x22y2-
16 Xx1x2x3y2+16 x> x1x2x3y2+12y?y2-14x12y?y2+4x2y?y2+4xx2y’y2-
x1x2y?y2-10x22y?y2+16x1x2x3y?y2+2y*y2+12y12y2-12x%y12y2-
12y?y1?2y2-2y3+4xy3-4x3y3+2x*y3-2x1y3+4xx1y3+2x*x1y3-4x3x1y3-
X2y3+4xX2y3+x2x2y3-4x3x2y3-8x1x2y3+8x2x1x2y3-4x12x2y3+
4x2x12x2y3—4x1x22y3+4x2x1x22y3+2x1x3y3—2x2x1x3y3—2x2x3y3+
2x2x2x3y3+4y2y3—4xy2y3+2x1y2y3—4xx1y2y3+x2y2y3—4xx2y2y3+
8x1x2y2y3+4x12x2y2y3+4x1x22y2y3—2x1x3y2y3+2x2x3y2y3—2y4y3+
8x2yly2y3-8x2x2yly2y3-8x2y*yly2y3-4yz>-4xyz®-4xlyz?-
4xx1y22—4x2y22—4xx2yzz—4x3yzz—4xx3yzz+2y122+4xy122—2x2y1zz—
4x32y122+2y2y122+2y2zz+4xy2zz—2x2y2zz—4x32y222+2y2y222—
2y3zz—4xy3zz+2x2y322—4x3y3zz—4x1x3y3zz—4x2x3y3zz—2y2y3zz)

ouatil= (1 + X1 + X2 + X3)

(4y+4xy—4x2y—4x3y+4xxly—4x3xly—4x12y+4x2x12y+4xx2y—4x3x2y—
4x22y+4x2x22y—4x3y+4xx3y+4x2x3y—4x3x3y—4xlx3y+4x2xlx3yf
4x2x3y+4x2x2x3y—4y3—4xy3—4xx1y3+4x12y3—4xx2y3+4x22y3+4x3y3—
4xx3y3+4x1x3y3+4x2x3y3—2yl+4x2y1—2x4yl—4x1y1—4xxlyl+4x2xlyl+
4x3x1yl-2x12y1+2x?x1%2y1-4x1x2yl+4x®x1x2yl+3x2%2yl-3x?x22yl+
4x1y°yl+4axx1y?yl+2x12y?yl1+4x1x2y?yl1-3x22y?yl+2y*yl-14y2+16x%y2-
2x*y2+14x1%2y2-14x*x12y2-4X2y2 -4 X x2y2+4 x> x2y2+4x3x2y2+x1Xx2y2 -
x2xlx2y2+l®x22y2—10x2x22y2—16xlx2x3y2+l6x2xlx2x3y2+12y2y2—
14 x12y2y2 +4x2y2y2 +4x x2y?y2 - x1x2y?y2 - 10 x22 y? y2 + 16 x1 x2 x3 y? y2 +
2y*y2+12y1%2y2-12x*y12y2-12y?y1?2y2-2y3+4xy3-4x3y3+2x*y3-2x1y3+
4xxly3+2x2x1y3—4x3xly3—x2y3+4xx2y3+x2x2y3—4x3x2y3—8xlx2y3+
8x2xlx2y3—4x12x2y3+4x2x12x2y3—4xlx22y3+4x2xlx22y3+2xlx3y3—
2x2xlx3y3—2x2x3y3+2x2x2x3y3+4y2y3—4xy2y3+2xly2y3—4xxly2y3Jr
x2y2y3—4xx2y2y3+8xlx2y2y3+4x12x2y2y3+4x1x22y2y3—2xlx3y2y3+
2x2x3y2y3—2y4y3+8x2yly2y3—8x2x2yly2y3—8x2y2yly2y3—4yzz—4xyzz—
4xlyzz—4xxly22—4x2y22—4xx2y22—4x3y22—4xx3y22+2y122+4xy122—
2x2ylzz—4x32y122+2y2y122+2y2zz+4xy222—2x2y222—4x32y222+2y2y222—
2y322—4xy322+2x2y322—4x3y322—4xlx3y322—4x2x3y3z2—2y2y322)
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nizi= thing2 =

4 (1+x1) (1+x2)
(y+2xy-x2y-2x>y-x1y+x?x1ly-x2y+x*x2y+2xx3y-2x>x3y-x1x3y+
x2x1x3y—x2x3y+x2x2x3y—x32y+x2x32y—y3—2xy3+x1y3+x2y3—2xx3y3+
x1x3y3+x2x3y3+x32y3—y1—xy1+x2y1+x3yl—x3y1—xx3y1+x2x3y1+
X3x3yLl+y?yl+xy?yl+x3y?yl+xx3y?yl-y2-xy2+x2y2+x3y2-x3y2-
xx3y2+x2x3y2+x3x3y2+y2y2+xy2y2+x3y2y2+xx3y2y2—y3+x4y3—x1y3+
xx1y3+x2x1y3—x3x1y3—x2y3+xx2y3+x2x2y3—x3x2y3—2x3y3+2x2x3y3+
2y2y3+x1y2y3-xx1y2y3+x2y2y3-xx2y2y3+2x3y2y3-y4y3—yy1y3+
x2yyly3+y3yly3-yy2y3+x?yy2y3+y3y2y3-yy32+x?yy32+y3y32-2yz2-
2xyz®-2x3yz>-2xx3yz>-y3z°-2xy32°+x*y32°-2x3y32°-y’y327?)

ouzizl= 4 (1 +x1) (1+x2)

(y+2xy—x2y—2x3y—xly+x2xly—x2y+x2x2y+2xx3y—2x3x3y—xlx3y+
x2xlx3y—x2x3y+x2x2x3y—x32y+x2x32y—y3—2xy3+xly3+x2y3—2xx3y3+
xlx3y3+x2x3y3+x32y3—yl—xyl+x2yl+x3yl—x3y1—xx3yl+x2x3yl+
X3x3yl+y?yl+xy?yl+x3y?yl+xx3y?yl-y2-xy2+x2y2+x3y2-x3y2-
xx3y2+x2x3y2+x3x3y2+y2y2+xy2y2+x3y2y2+xx3y2y2—y3+x4y3—xly3+
xx1y3+x2xly3—x3xly3—x2y3+xx2y3+x2x2y3—x3x2y3—2x3y3+2x2x3y3+
2y2y3+xly2y3—xxly2y3+x2y2y3—xx2y2y3+2x3y2y3—y4y3—yyly3+
xzyyly3+y3yly3—yy2y3+x2yy2y3+y3y2y3fyy32+x2yy32+y3y32—2y22—
2xy22—2x3y22—2xx3y22—y322—2xy322+x2y322—2x3y3zz—y2y322)

nis= Factor [XYAReduce[thingl] //. tweak3]
2

ouaizgl= — (1 + XH)
3

(3y+6xy-3xy-6x>y+6xXHy-6x>XHy-3XH?y+3x*XH? y-3y>-6xy>-6xXHy>+
3XH Y -2 xY1+2x2Y1+2x3Y1-2x*Y1+2XHY1-2xXHY1-2x*XHY1+2x3XHY1-
2y?Y1+2xXy*YLI-2XHYy? Y1 +2xXHy?Y1+2y*Yl-2xY2+2x2Y2+2x3Y2-2x*Y2+
2XHY2-2XxXHY2-2x*XHY2+2x3XHY2-2y?Y2+2xy?Y2-2XHy?Y2+2x XHy? Y2+
2y*Y2-3YH-4xYH+4x>YH+4x3YH-x* YH-2XHYH -4 x XH YH + 2 x> XH YH +
4x3XHYH+2y?YH+4xy> YH+2XHYy? YH+4 x XHYy? YH+y* YH+2y YL YH-2 x>y Y1 YH -
2y3Y1YH+2yY2YH-2x2yY2YH-2y3Y2YH+y YH? - x>y YH? - y3 YH? 6y z% -
6xy22—6XHy22—6xXHy22+4xYl22—2x2Yl22+2XHY122+2y2Y122+4xY222—
2x*V22Z2° +2XHY22* +2y? Y22 -3 YHZ? + 2 x YHz® - x? YHZ? - 2 XH YH 2* + y? YH 2°)
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nizi4;= Factor [XYAReduce[thing2] //. tweak3]
2

ouaial= — (1 + XH)
3

(3y+6xy-3x"y-6xy+6xXHy-6x>XHy-3XH? y+3x*XH’y-3y>-6xy>-6xXHy>+
3XHE Y3 -2 xY1+2x2Y1+2x3Y1-2x*Y1+2XHY1-2xXHYL1-2x2XHY1l+2x3XHYL-
2y2Y14+2xy2YL-2XHYy? Y1 +2xXHy?Yl+2y*Yl-2xY2+2x2Y2+2x3Y2-2x*Y2+
2XHY2-2XXHY2-2x>XHY2+2x3XHY2-2y?Y2+2xy?Y2-2XHy?Y2+2x XHy? Y2+
2y*Y2-3YH-4xYH+4x>YH+4x3YH-x*YH-2XHYH -4 x XHYH +2 x®> XH YH +
4x3XHYH+2y? YH+4Xxy? YH+2XHYy? YH+4 x XHy? YH+y* YH+2yYLYH-2x?y YL YH -
2y Y1IYH+2yY2YH-2x>yY2YH-2y3Y2YH+yYH? - x>y YH? - y® YH? -6y 2 -
6Xyz2-6XHYZz>-6xXHYyz2+4xY1z>-2x*Y1z?+2XHY1Zz?+2y?Y1z2+4xVY22Z*-
2x*Y22° +2XHY22% +2y? Y22 -3YHZ® + 2 x YH z? - x* YH z* - 2 XH YH 2% + y? YH 2?)

in315):= Factor [%% - %]

out3isl= O

ni6= Listl = Factor[CoefficientList[thingl, {z, y, x}]]

ousie {{{-(1+x1+x2+x3) (2yl+4x1yl+2x1%yl+4x1x2yl-3x2°yl+14y2-14x1%y2+
4x2y2-x1x2y2-10x22y2+16x1x2x3y2-12y1%2y2+2y3+2x1y3+x2y3+
8xlx2y3+4x12x2y3+4x1x22y3—2xlx3y3+2x2x3y3—8x2yly2y3),

-4 (1+x1+x2+x3) (x1yl+x2y2-y3-x1y3-x2y3),

(1+x1+x2+x3) (4yl+4x1yl+2x1%yl+4x1x2yl-3x2°yl+16y2-14x1%y2+
4x2y2-x1x2y2-10x2%y2+16x1x2x3y2-12y1?y2+2x1y3+x2y3+
8x1x2y3+4x1°x2y3+4x1x2°y3-2x1x3y3+2x2x3y3-8x2yly2y3),

4 (1+x1+x2+x3) (x1yl+x2y2-y3-x1y3-x2y3),

-2 (1+x1+x2+x3) (yl+y2-y3)},

{4 (1+x1+x2+x3) (-1+x1%+x2%+x3+x1x3+x2x3), 4 (1+x1+x2+x3)?,

4 (1+x1+x2+x3) (-1+x1%+x2%+x3+x1x3+x2x3), -4 (L+x1+x2+x3)%, 0},

[(1+x1+x2+x3) (4x1yl+2x1%°yl+4x1x2yl-3x2%yl+12y2-14x1%y2+
4x2y2—xlx2y2—1(9x22y2+16xlx2x3y2—12y12y2+4y3+2xly3+x2y3Jr
8x1x2y3+4x1°x2y3+4x1x2°y3-2x1x3y3+2x2x3y3-8x2yly2y3),

4 (1+x1+x2+x3) (x1yl+x2y2-y3-x1y3-x2y3), 0, 0,0},

{4 (1+x1+x2+x3) (-1+x1%+x2%+x3+x1x3+x2x3), -4 (1+x1+x2+x3)?,0, 0, 0},
{2 (1+x1+x2+x3) (yl+y2-y3),0,0,0,0}},

{{0, 0, 0, 0, 0}, {0, 0,0, 0,0}, {6,0,0,0,0},

{0,0,0,0,0}, {6,b0,0,0,0}},

[{-2 (1+x1+x2+x3) (-yl+2x3%yl-y2+2x3%y2+y3+2x3y3+2x1x3y3+2x2x3y3),

4 (1+x1+x2+x3) (Yl+y2-y3), -2 (1 +x1+x2+x3) (y1+y2—y3),0,0},

{4 (1+x1+x2+x3)%, -4 (1+x1+x2+x3)%,0, 0, 0},
{2 (1+x1+x2+x3) (yl+y2-y3), 0, 0, 0, 0},
{0,0,0,0,0}, {0,0,0,0,0}}}
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n317:= List2 = Factor[CoefficientList[thing2, {z, y, x}]]
ou7= {{{-4 (1+x1) (1+x2) (yl+x3yl+y2+x3y2+y3+x1y3+x2y3+2x3y3),
4 (1+x1) (1+x2) (-yl-x3yl-y2-x3y2+x1y3+x2y3),
4 (1+x1) (L+x2) (Yl+x3yl+y2+x3y2+x1y3+x2y3+2x3y3),
-4 (1+x1) (1+x2) (-y1l-x3yl-y2-x3y2+x1y3+x2y3),4 (1+x1) (1+x2)y3},
[-4 (1+x1) (1+x2) (-1+x1+x2+x1x3+x2x3+x3%+yly3+y2y3+y3?),
8 (1+x1) (1+x2) (1+x3),4 (L+x1) (1+x2)
(—l+xl+x2+xlx3+x2x3+x32+yly3+y2y3+y32), -8 (1+x1) (1+x2) (1+x3), 0},
{4 (1+x1) (1+x2) (y1l+x3yl+y2+x3y2+2y3+x1y3+x2y3+2x3y3),
-4 (1+x1) (1+x2) (-yl-x3yl-y2-x3y2+x1y3+x2y3), 0,0, 0},
{4 (1+x1) (1+x2) (-1+x1+x2+x1x3+x2x3+x3%+yly3+y2y3+y3?),
-8 (1+x1) (1+x2) (1+x3),0,0,0}, {-4(1+x1) (1+x2)y3,0,0,0,0}},
{{o, 0, 0, 0, 0}, {0, 0, 0, 0, 0}, {0, 0, 0,0, 0}, {0,0,0,0,0}, {0,0,0,0,0}},
{{-4 (1+x1) (1+x2) (1+2x3)y3, -8 (1+x1) (1+x2)y3,4 (1+x1) (1+x2)y3,0,0},
{-8 (L+x1) (1+x2) (1+x3), -8 (1+x1) (L+x2) (1+x3), 0, 0,0},
{-4 (1+x1) (1+x2)y3,0,0,0,0}, {6,0,0,0,0}, {0,0,0,0, O}}}

nais= Factor[ listl - list2 //. tSubsSp]

ouste= {{{0, 0, 0, 0, 0}, {0, 0, 0, O, 0}, {0, 0, 0, 0, O}, {0, 0, 0,0, 0}, {0,0,0,0,0}},
{{o, o, 0,0, 0}, {0,0, 0,0, 0}, {0,0,0,0,0}, {6,0,0,0,0}, {6,0,0,0,0}},
{{¢, 0,0, 0,0}, {0,0,0,0, 0}, {6,0,0,0,0}, {0,0,0,0,0}, {6,0,0,0,0}}}

| 61



62 | Rieck_JMIV2017_Checks.nb

nz19)= Factor [XYAReduce[listl] //. tweak3]

(1+XH)2 (Y1 +Y2+2YH),

2 4
o319l {{{f (L+XH) (2XHYL+2XHY2-3YH-2XHYH), - —
3 3

(L+XH) (-Y1+XHYL1-Y2+XHY2-2YH-XHYH),

4
— (1L+XH)? (YL+Y2+2VYH),
3

w|r\)w\b

2
(1+XH) (2Y1+2Y2+YH)}, {-_ (1+XH) (-3+3XH? -2 Y1YH-2Y2YH-YH?),
3

4 (1+XH)2

W N

(L+XH) (-3+3XH?-2Y1YH-2Y2YH-YH?), -4 (1+XH)?, o},

4
— (1+XH)% (Y1 +Y2-YH),
3

wl b

{ (1+XH)2(Y1+Y2+2YH),O,0,0},
{5¢
{

{{e,0,0,0,0}, {6,0,0,0, 0}, {0,0,0,0,0}, {0,0,0,0, 0}, {6,0,0,0,0}},

(1+XH) (-3+3XH?-2Y1YH-2Y2YH-YH?), -4(1+XH>2,0,0,0},

w|r\>w\r\>

(L+XH) (2YL+2Y2+YH), 0, 0, 0, 0}},

2 4
{{7 (L+XH) (2XHYL+2XHY2-3YH-2XHYH), — (1+XH) (2Y1+2Y2+YH),
3 3

2
3 (L+XH) (2Y1L+2Y2+YH), 0, 0}, [-4 (1+XH)?, -4 (1+XH)?, 0, 0, 0},

2
{_ (L+XH) (2YL+2Y2+YH), 0, 0, 0, 0}, (0,0,0,0,0),{0,0,0,0, 0}}}
3
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inz20= Factor [XYAReduce[list2] //. tweak3]

(1+XH)2 (Y1 +Y2+2YH),

2 4
ou320)= {{{f (1+XH) (2XHYL+2XHY2-3YH-2XHYH), - —
3 3

(L+XH) (-Y1+XHYL1-Y2+XHY2-2YH-XHYH),

4
— (1L+XH)? (YL+Y2+2VYH),
3

w|r\)w\b

2
(1+XH) (2Y1+2Y2+YH)}, {-_ (1+XH) (-3+3XH? -2 Y1YH-2Y2YH-YH?),
3

4 (1+XH)2

W N

(L+XH) (-3+3XH?-2Y1YH-2Y2YH-YH?), -4 (1+XH)?, o},

4
— (1+XH)% (Y1 +Y2-YH),
3

wl b

{ (1+XH)2(Y1+Y2+2YH),O,0,0},
{5¢
{

{{e,0,0,0,0}, {6,0,0,0, 0}, {0,0,0,0,0}, {0,0,0,0, 0}, {6,0,0,0,0}},

(1+XH) (-3+3XH?-2Y1YH-2Y2YH-YH?), -4(1+XH>2,0,0,0},

w|r\>w\r\>

(L+XH) (2YL+2Y2+YH), 0, 0, 0, 0}},

2 4
{{7 (L+XH) (2XHYL+2XHY2-3YH-2XHYH), — (1+XH) (2Y1+2Y2+YH),
3 3

2
3 (1 + XH) (2Y1+2Y2+YH),0,®}, [-4 (1+XH)?, -4 (1+XH)?, 0, 0, 0},
2

{g (L+XH) (2YL+2Y2+YH), 0, 0, 0, 0}, (0,0,0,0,0),{0,0,0,0, 0}}}

ins21:= Factor [%% - %]

owg21- {{{0, 0, 0, 0, 0}, {0, 0,0, 0,0}, {6,0,0,0,0}, {0,0,0,0,0}, {6,0,0,0,0}},
{{o,0,0,0,0}, {6,0,0,0, 0}, {0,0,0,0, 0}, {0,0,0,0,0}, {6,0,0,0,0}},
{{o, 0,0, 0,0}, {0,0,0,0,0}, {6,0,0,0,0}, {6,0,0,0,0}, {0,0,0,0,0}}}

(* Lemma 12 Check. =)

na22p- deltoid = (L22 + (R+1)72)7A2 + 8 (R+1) ((R+1)7A2 - 3LA2) + 18 (L*"2+ (R+1)72) - 27

ougezl- ~27 +8 (1+R) (=3 L%+ (1+R)?) +18 (L*+ (1L+R)?) + (L?+ (1+R)2)2

na23= Factor[deltoid /. {L » 2 (x+1)y, R-> y*r2-(x-1)7"2}]

oupea (~1+x?+y?)? (c27+18x2 -8 x4 x* + 18 y? + 24 x y? + 2 X% y? 1 y*)

inz24= Factor [ (xA2+yMr2-1)"2 ((x"2+y"2)"2 + 8X (3y"2-x"2) + 18 (x"2+yr2) - 27) ]

Out[324]= (—l+x2+y2)2 (—27+18xz—8x3+x4+18y2+24xy2+2x2y2+y4)

in32s= Factor [%% / %]

out32sl= 1

| 63
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in326):= LLL
(-1+x*+y?) (y+2xy-XHYy-YH-xYH) +2 (1+x) y 2z

Out[326]=

ZZ

n327:= RRR
(142 +y?) (-x+ X+ XH-XxXH-y?+yYH) - (-1+x-y) (-1+x+y) Z?

out[327]=

ZZ

ina2s)= Factor[y (LLL-2 (x+1) y) - (x+1) (RRR - y*"2 + (x-1)"2) ]

(x = XH) (-1+x2+y2)?
Out[328]=

22

na29;= Factor[Factor [deltoid /. {L -» LLL, R-» RRR}] /. z - Sqrt[Z]]
Out[329]= i(—l+x2+y2>2
Z4

(x*-4x®+4x%+ax"-10x%+4x% +4x*® -4 x + x? -4 x> XH+ 16 x* XH - 16 x° XH - 16 x® XH +
40 x" XH-16 x® XH - 16 x° XH + 16 x*® XH - 4 x™ XH + 6 x* XH? - 24 x> XH? + 24 x* XH? +

24 x° XH? - 60 x® XH? + 24 x” XH? + 24 x® XH? - 24 x°® XH? + 6 x*® XH? - 4 x XH® + 16 x? XH? -

16 x3 XH® - 16 x* XH® + 40 x® XH® - 16 x® XH® - 16 x” XH? + 16 xB XH> - 4 x® XH® + XH* - 4 x XH* +
4 %2 XH* + 4 x3 XH* - 10 x* XH* + 4 x> XH* + 4 x® XH* -4 x" XH* + x® XH* + 2 x? y? + 8 x3 y? -
24x4y2—4x5y2+32x6y2—16x8y2—4x9y2+6xley2—4xXHy2—24x2XHy2+64x3XHy2+
88X XHY? -T2 x> XHy? -8 x® XHy? +32 x" XHy? +24 x® XHy? - 20 x® XH y? + 2 XH? y? +

24 x XH? y? - 56 x2 XH? y2 + 36 x* XH? y2 + 24 x® XH? y2 - 8 x® XH? y% - 48 x” XH? y? + 26 x® XH? y? -
8 XH3 y? + 16 x XH? y? - 8 x? XH? y? + 16 x3 XH? y? - 24 x* XH3 y? - 16 x° XH® y? + 40 x® XH? y? -
16 X" XH3 y? + 4 x XH* y2 - 12 x2 XH* y? + 8 x3 XH* y? + 8 x* XH* y? - 12 x® XH* y? + 4 x® XH* y? +
y4+12xy4+36x2y4—20x3y4—36x4y4—24x5y4—8x6y4+24x7y4+15x8y4—8XHy4—
48 x XHy* +32 x> XHy* -8 x> XHy* + 40 x* XH y* + 64 x> XH y* - 32 x® XH y* - 40 x" XH y* +

16 XH? y* - 24 x XH? y* + 60 x? XH? y* - 24 x3 XH? y* - 72 x* XH? y* + 44 x® XH? y* + 8 XH? y* -
24 x XH3 y* + 16 x3 XH3 y* + 24 x* XH3 y* - 24 x5 XH3 y* - 2 XH* y* + 4 x XH? y* + 4 x® XH* y* -
123 XH y  + 6 x* XHY y* - 12 xy® - 80 x? y® -32x3 y® + 48 x* y® + 56 x° y® + 20 x® y® + 8 XH y® +
104 x XH y® + 40 x> XH y® - 32 x> XH y® - 80 x* XH y® - 40 x® XH y® - 36 XH? y® - 24 x XH? y® -

24 x% XH? y® + 48 x® XH? y® + 36 x* XH? y® + 8 XH® y® + 16 x XH® y® - 8 x? XH® y® - 16 x> XH3 y® -
4xXH4y6+4x2XH4y6—2ys—l2xy8+36x2y8+44x3y8+15x4y8+8XHy8—48xXHy8—
48 x2XHy® - 20 x3 XHy® + 16 XHZ y® + 24 x XH? y® + 14 x2 XH? y® -8 XH3 y® - 4 x XH® y& +

XH* y8 + 12 xy® 6 x? y® -8 XHY® —4 x XHy® + 2 XH? y1® + y12 4 x>y YH-8 x>y YH +
32x*YyYH+8x yYH-56x®yYH+8x "y YH+32x®yYH-8x°yYH-4x*®yYH+8xXHYy YH+
24x2XHYYH-80x3XHY YH-24 x* XHy YH+ 144 x> XHy YH-24 x®* XHy YH-80 x” XHy YH +
24 x8XHy YH+8 x? XHy YH - 4 XH? y YH - 24 x XH? y YH + 64 x? XH? y YH + 24 x> XH? y YH -

120 x* XH? y YH + 24 x®> XH? y YH + 64 x® XH? y YH-24 x" XH* y YH- 4 x® XH? y YH+ 8 XH3 y YH -
16 x XH3y YH-8 x> XH3 y YH+ 32 x3 XH 3y YH-8 x* XH3 y YH- 16 x> XH® y YH + 8 x® XH® y YH -
4y3YH-40 xy> YH-96 x> y3 YH+48 x3 y3 YH+ 152 x* y3 YH+ 56 x> y3 YH-32 x% y3 YH -

64 x"y>YH-20x®y> YH+24 XHy® YH+ 112 x XHy® YH - 48 x*> XH y® YH - 96 x> XH y® YH -

72 x*XHy> YH-48 x> XHy® YH+ 96 x® XH y® YH + 32 x” XH y® YH - 32 XH? y® YH + 24 x XH? y3 YH -
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48 x2 XH? y3 YH + 48 x3 XH? y3 YH + 96 x* XH? y® YH - 72 x® XH? y3 YH - 16 x® XH? y® YH -

8 XH® y® YH + 32 x XH® y® YH - 16 x* XH® y3® YH - 32 x® XH® y® YH + 24 x* XH® y® YH + 40 x y° YH +
216 x? y° YH + 88 x> y° YH - 160 x* y°® YH - 144 x° y®> YH - 40 x® y® YH - 24 XH y® YH -

240 X XHy> YH- 72 x> XHy®> YH + 144 x3 XH y® YH + 144 x* XH y®> YH + 48 x® XH y° YH +

72 XH? y® YH + 24 x XH? y® YH - 72 x® XH? y® YH - 24 x* XH? y® YH - 8 XH® y® YH - 16 x XH® y° YH +
24 x> XH3y> YH+ 8y YH+40 xy ' YH-96 x>y YH-128 x> y" YH-40 x*y" YH-24 XHy' YH +
112 xXHY YH+96 x> XHy  YH+32x3 XHy" YH-32 XH? y" YH - 24 x XH? y" YH - 16 x> XH? y' YH +
8XH y ' YH-40xy° YH-20x®y? YH+24 XH Yy YH+ 8 x XHy® YH -4 XH?> y°® YH - 4 y'! YH +

2 x2 YH? - 8 x* YH? + 12 x® YH? - 8 x® YH? + 2 x*® YH? - 4 x XH YH? + 16 x® XH YH? - 24 x> XH YH? +
16 x” XH YH? - 4 x XH YH? + 2 XH? YH? — 8 x? XH? YH? + 12 x* XH? YH? - 8 x® XH? YH? +

2 x8 XH? YH? + 6 y? YH? + 48 x y? YH? + 88 x? y? YH? - 48 x3 y? YH? - 180 x* y? YH? - 48 x° y? YH? +
72 x® y2 YH? + 48 x” y? YH? + 14 xB y2 YH? - 24 XH y? YH? - 80 x XH y? YH? + 24 x% XH y? YH? +
144 x3 XH y? YH? + 24 x* XH y? YH? - 48 x® XH y? YH? - 24 x® XH y? YH? - 16 x” XH y? YH? +

16 XH? y? YH? - 24 x? XH? y? YH? + 8 x® XH? y? YH? - 48 x y* YH? - 204 x? y* YH? - 96 x® y* YH? +
168 x* y* YH? + 144 x° y* YH? + 36 x® y* YH? + 24 XH y* YH? + 168 x XH y* YH? + 48 x XH y* YH? -
144 x> XH y* YH? - 72 x* XH y* YH? - 24 x® XH y* YH? - 36 XH? y* YH? + 24 x? XH? y* YH? +

12 x* XH? y* YH? - 12 y® YH? - 48 x y® YH? + 88 x? y® YH? + 144 x3 y® YH? + 44 x* y® YH? +

24 XH y® YH? - 80 x XH y® YH? - 72 x® XH y® YH? - 16 x> XH y® YH? + 16 XH? y® YH? + 8 x? XH? y® YH? +
48 X y8 YH? + 26 x> yE YH? - 24 XHy® YH? -4 x XHy® YH? + 2 XH? y® YH? + 6 y*® YH? - 4 y YH3 -
24nyH3—32x2yYH3+24x3yYH3+72x4yYH3+24x5yYH3—32x6yYH3—24x7yYH3—
4x8yYH> + 8 XHY YH> + 16 x XHy YH® -8 x> XHy YH® - 32 x> XHy YH® - 8 x* XHy YH® +

16 x> XHy YH® + 8 x® XHy YH® + 24 x y® YH3 + 80 x? y3 YH® + 48 x3 y® YH3 - 64 x* y3 YH® -
72x2y3YH - 16 X8 y3 YH3 -8 XH Y3 YH3 - 32 x XHY3 YH3 - 16 x2 XHy3 YH® + 32 x3 XH y3 YH3 +
24 x* XHY3 YH3 + 8y  YH3 + 24 x yP YH3 - 32 x2 y® YH3 - 72 x3 y® YH® - 24 x* y® YH® - 8 XH y® YH® +
16 X XHY® YH> + 24 x> XHy® YH3 - 24 x y" YH3 - 16 x? y" YH® + 8 XHy" YH® - 4 y° YH® + YH* +
4XYH*+4x2YH* -4 x3 YH* - 10 x* YH* -4 x® YH* + 4 x® YH* + 4 x" YH* + x® YH* - 4 x y? YH* -
12x2y2 YH -8 x3 y2 YH  + 8 x* y2 YH* + 12 x° y2 YH* + 4 x® y2 YH* - 2 y* YH* - 4 x y* YH* +
4x2yt YR + 123y  YH v 6 X  yP YHY + 4 x yO YH 1 4 x? yO YHY « yB YH -8 X3 Z+ 16 X% Z +
12x°Z2-44x°72+16x"2+24x32-20x°Z2+4x°Z2+24x*XHZ-48x>*XHZ-36x*XHZ +
132 x> XHZ -48 x®* XHZ - 72 x" XHZ +60 x3 XHZ - 12 x* XHZ - 24 x XH? Z + 48 x> XH? Z +

36 x3XH?2 Z- 132 x* XH? Z+ 48 x> XH? Z + 72 Xx® XH? Z - 60 X" XH? Z + 12 x® XH? Z+ 8 XH3 Z -

16 X XH3Z-12x* XH3 Z+ 44 x> XH3 Z - 16 x* XH3 Z - 24 x> XH3 Z + 20 x® XH3 Z - 4 x" XH® Z +
24xy*Z+32x°y?7-24x3y?Z7-60x*y?Z-16x>y?7Z+24x8y?Z+20x8y?Z-24XHY?Z-
48 X XHY? Z-24x2XHY? Z+ 120 x3 XHY? Z+ T2 x* XHY? Z- 72 x> XHYy? Z + 24 x®* XH y? Z -

48 x" XHy? Z+16 XH? y?> Z + 68 x XH? y?> Z - 88 x®> XH? y? Z - 64 x> XH? y?> Z + 80 x* XH* y? Z -

52 x° XH? y2 Z+ 40 x® XH? y? Z - 20 XH3 y? Z + 28 x XH3 y? Z + 8 X2 XH3 y? Z - 32 x3 XH3  y? Z +

28 x*XH3y?Z-12x°XH3y?Z+16y*Z-36xy*Z-180x2y*Z-80x3y*Z+120x*y*Z+
120x°y*Z+40x8y*Z+ 44 XHy* Z + 180 x XHy* Z + 128 x> XHy* Z- 120 x> XH y* Z -

160 x* XHy* Z-72 x> XHy* Z - 52 XH? y* Z - 112 x XH?* y* Z + 40 x* XH? y* Z + T6 X3 XH? y* Z +
48 X XH2 y* Z+ 24 XH3y* Z -8 x XH3y* Z-4x? XH3y* Z-12x3 XH3y*Z-36y® Z -
48xy°7Z+136x2y%Z+160x3y® Z+40x*y®* Z+8XHY® Z-120x XHy® Z-152x2 XHy® Z -
48 x> XHy® Z+32 XH? y® Z + 68 x XH? y® Z+ 24 x> XH? y® Z - 12 XH3 y® Z -4 x XH3 y® Z +
16y87Z+60xy8Z+20x?y®Z-28XHY® Z-12xXHY® Z+4XH*y®8Z+4y1®Z 48 xyYHZ-
48 x2yYHZ+96x3yYHZ+60x*YyYHZ-24x>yYHZ-24x"yYHZ-12x8yYHZ+
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48XHYYHZ +64xXHYYHZ-88x*XHYYHZ-64x>XHYYHZ-16x*XHYy YH Z -

16 X°XHYYHZ +56 x* XHY YHZ + 16 x' XHYy YHZ - 16 XH> y YHZ - 8 x XH* y YH Z +

4x*XH Yy YHZ +40 x> XH? y YHZ + 16 x* XH? y YHZ - 32 x> XH> y YHZ - 4 x® XH? y YH Z -

48y YHZ+64xy> YHZ+360 x> y] YHZ+112x3y>YHZ-240x*y3 YHZ-200 x>y YHZ -
48 x5y YHZ-88XHY  YHZ-256 x XHY  YHZ -32 x> XHY3 YHZ + 160 x> XHy® YH Z +

168 x* XHy> YHZ + 48 x> XHy> YHZ + 52 XH? y3 YHZ + 40 x XH? y3 YHZ - 16 x> XH? y> YH Z -

64 x> XH? y> YHZ - 12 x* XH? y®  YHZ + 108 y° YHZ + 136 x y° YHZ - 288 x> y> YH Z -

328 X3y YHZ-72x* Yy’ YHZ - 16 XHY  YHZ + 176 x XHy® YHZ + 168 x> XHy° YH Z +

48 x> XHyY > YHZ - 32 XH? y°  YHZ - 32 x XH? y° YHZ - 12 x®> XH* y° YHZ - 48 y' YH Z -

152Xy ' YHZ-48 x>y ' YHZ+56 XHY' YHZ + 16 x XHy  YHZ -4 XH> y" YHZ - 12y  YHZ +

24 xYH? Z+16 x> YH* Z-52 x> YH? Z - 28 x* YH? Z + 32 x> YH? Z + 8 x® YH* Z -4 x" YH? Z +
4x3YH?Z-24 XHYH?*Z - 16 x XHYH? Z + 52 x> XHYH? Z + 28 x> XH YH? Z - 32 x* XH YH? Z -
8X°XHYH? Z+ 4 x® XHYH? Z -4 x" XHYH? Z+ 48 y? YH? Z - 20 x y? YH? Z - 232 x?> y?* YH?* Z -

96 x> y? YH? Z+ 160 x* y? YH? Z + 116 x° y? YH* Z+ 24 x® y?> YH* Z + 44 XH y?> YH® Z +

76 X XHY? YH? Z - 24 x> XHYy2 YH* Z- 64 x> XHy? YH?> Z- 20 x* XH y? YH? Z - 12 x> XH y* YH* Z -
108 y* YH? Z - 128 x y* YH? Z+ 200 x® y* YH? Z + 244 x3 y* YH? Z + 48 x* y* YH? Z + 8 XHy* YH? Z -
56 X XHy* YH2Z - 52 x2 XHy* YH? Z - 12 x> XHy* YH? Z + 48 y® YH? Z + 124 x y® YH? Z +

40 x> y® YH?Z - 28 XHY® YH? Z- 4 x XHYy® YH? Z + 12 y8 YH? Z - 16 y YH3 Z -8 x y YH® Z +
52x2yYH*Z+40x3yYH}Z-32x*yYH3Z-32xyYH3Z-4x®yYH}Z+36y3YH3Z +

40 xy> YH}Z-48x?>y YH3Z-64 x>y  YH3 Z-12x*y YH3 Z- 16y  YH3Z-32xy  YH} Z -
12Xy YH3 Z -4y ' YH3Z +18x? 22 +12x3 22 - 78 x* 22 + 24 x> Z? + 54 x®° 7 - 36 x" Z° +

6 x327%-36x XHZ? - 24 x* XHZ? + 156 x> XH Z? - 48 x* XH Z? - 108 x> XH Z? + 72 x® XH Z? -

12 x" XH Z? + 18 XH? Z? + 12 x XH? Z? - 78 x* XH? 7% + 24 x3 XH? Z? + 54 x* XH? Z? - 36 x> XH? 7% +
6 xOXH? 22 +18y? 72 -36xy? 7> - 156 x*y? 72 - 48 x3y? 72+ 126 x* y? 72 + 36 x° y? 7% +

24 x%y? 72 124 XHy? Z? + 156 x XH y? 7% + 96 x> XH y? 7% - 168 x> XH y? Z? - 48 x* XH y? Z° -
36 x> XHy? 7% - 46 XH? y2 72 - 40 x XH? y? 7% + 60 x> XH? y2 72 + 8 x® XH? y? 72 + 14 x* XH? y? 7% -
78y 72 -T2 xy* 72 +186x2y* 72+ 180 x3y* 72 + 36 x* y* 72 + 16 XHy* 72 - 124 x XH y* 72 -
152 x2 XHy* 22 =36 x3 XH y* 22 + 22 XH? y* Z? + 44 x XH? y* 72 + 10 x® XH? y* 722 + 50 y® 7% +
108 xy° 72+ 24 x?y® 7232 XHY® Z? - 12 x XHY® 2?2 + 2 XH? y® 72 + 6 y8 722 36y YH Z% +
48Xy YHZ?+156 x>y YHZ2 -84 x*yYHZ? - 24 x>y YHZ?-12x®yYHZ? - 24 XHy YH 7% -

64 xXHYYHZ? - 16 x> XHYy YHZ? + 48 x> XHYy YHZ? + 32 x* XHy YHZ? + 8 x> XHy YH Z% +

156 y> YHZ? + 128 x y> YHZ? - 248 x> y* YH 2% - 208 x® y® YHZ? - 36 x* y3 YH 7% -

16 XHy> YHZ? + 80 x XHY> YHZ? + 64 x> XHy> YHZ? + 16 x3 XH y® YH Z2 - 100 y° YH Z? -

184X y°YHZ? -36 x>y  YHZ2 +32XHY  YHZ? + 8 x XHYy  YHZ? - 12 y' YHZ? + 18 YH? Z° -

12 X YH? 22— 46 x> YH? 7% + 8 x3 YH? 2% + 18 x* YH? 72 - 4 x® YH? 2% + 2 x® YH? 7? - 78 y? YH? 7% -
56 x y2 YH? 22 + 84 x> y? YH? 2% + 72 x3 y? YH? 7% + 10 x* y? YH? Z? + 50 y* YH? Z? + 76 x y* YH? Z° +
14x2y* YH?2 22 + 6 Yo YH? 22 - 72 x2 23+ 12 x3 23+ 52 x* 73 - 28 x> 23 + 4 x5 23 + T2 x XH Z® -
12x2XHZ3-52x3XHZ3+28 x* XHZ3 -4 x> XHZ3 -72y? 73 - 36 xy? 73 + 104 x* y? 73 +

56 x3y? 723+ 12x*y? 23 1 12 XHy? 22 - 52 x XHy? Z3 - 48 x> XHy? Z® -8 x® XHy? 23 + 52 y* 73 +
84xy*Z3+12x?y*Z3 12 XHY* Z3 —4axXHy* 23 +4y®Z3 s 72y YHZ3 + 24 xyYH Z3 -
52x2yYHZ3-8x3yYHZ3-4x*yYHZ3-52y3YHZ3 -T2 xy  YHZ3 -8 x?y3YHZ3 -

4y YHZ? -2772%+18x* 2% -8x3 2% + x* 20 + 18 y?* Z* + 24 x y? 70 v 2 X2 y? 7%+ y* 7F)
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(» Lemma 13 Check. )

n@soj= P[XH_, YH_, x_,y_, Z_] :=

(x*-4x°+4x°+4x"-10x%+4x%+4x™ -4 x™ +x? -4 x* XH + 16 x* XH - 16 x° XH - 16 x° XH +
40 x” XH - 16 x® XH - 16 x° XH + 16 x*® XH - 4 x™ XH + 6 x* XH? - 24 x3 XH? + 24 x* XH? +
24 x° XH? - 60 x® XH? + 24 x” XH? + 24 x® XH? - 24 x® XH? + 6 x*® XH? - 4 x XH® + 16 x? XH® -
16 x3 XH® - 16 x* XH® + 40 x® XH® - 16 x® XH® - 16 x” XH? + 16 x® XH® - 4 x® XH® + XH* - 4 x XH* +
42 XH* + 4 X3 XH* =10 x* XH* + 4 x°* XH* + 4 x® XH* -4 x" XH* + x® XH* + 2 x> y2 + 8 x3 y? -
24x4y2—4x5y2+32x6y2—16x8y2—4x9y2+6x1°yz—4xXHy2—24x2XHy2+64x3XHy2+
8x*XHy?-72 x> XHy? -8 x® XHy? +32 x" XHy? +24 x® XHy? - 20 x® XH y? + 2 XH? y? +
24 x XH? y? - 56 x? XH? y? + 36 x* XH? y? + 24 x° XH? y? - 8 x® XH? y? - 48 x” XH? y? + 26 x® XH? y? -
8 XH® y? + 16 x XH® y? - 8 x2 XH® y? + 16 x> XH® y? - 24 x* XH3 y? - 16 x® XH® y? + 40 x® XH? y? -
16x7XH3y2+4xXH4y2—12x2XH4y2+8x3XH4y2+8x4XH4y2—12x5XH4y2+4x6XH4y2+
y4+12xy4+36x2y4—20x3y4—36x4y4—24x5y4—8x6y4+24x7y4+15x8y4—8XHy4—
48 x XHy* +32 x> XHy? -8 x> XHy* + 40 x* XHy* + 64 x®> XH y* - 32 x® XHy* - 40 x” XHy* +
16 XH? y* - 24 x XH? y* + 60 x? XH? y* - 24 x3 XH? y* - 72 x* XH? y* + 44 x® XH? y* + 8 XH3 y* -
24 x XH3 y* + 16 x3 XH3 y* + 24 x* XH3 y* - 24 x® XH3 y* - 2 XH* y* + 4 x XH* y* + 4 x® XH* y* -
123 XH ' y* + 6 x* XH* y* - 12 xy® - 80 x? y® - 32 x3 y® + 48 x* y® + 56 x® y® + 20 x® y® + 8 XH y® +
104 x XH y® + 40 x2 XH y® - 32 x> XH y® - 80 x* XH y® - 40 x> XH y® - 36 XH? y® - 24 x XH? y® -
24 x% XH? y® + 48 x> XH? y® + 36 x* XH? y® + 8 XH® y® + 16 x XH® y® - 8 x* XH® y® - 16 x® XH3 y© -
4xXH*'y® +4x?XH y® - 2y® - 12xy®+36 Xy +44 x3y® + 15 x* y® + 8 XHy® - 48 x XH y® -
48 x> XHy® - 20 x> XHy® + 16 XH? y® + 24 x XH? y® + 14 x> XH? y® - 8 XH3 y® - 4 x XH® y® +
XH*y® + 12 xy® +6x2y® -8 XHY® -4 x XHy® + 2 XH? y*® + y12 _4x?y YH-8 x>y YH +
32x*YyYH+8x°yYH-56x*yYH+8 x " yYH+32x® yYH-8x°yYH-4x® yYH+8 x XHy YH +
24 x> XHYyYH-80 x> XHYy YH-24 x* XHy YH + 144 x> XHy YH-24 x®* XHy YH - 80 x” XHy YH +
24x®XHYYH+8 x> XHY YH-4 XH2y YH-24 x XH?> y YH + 64 x> XH2 y YH + 24 x3 XH? y YH -
120 x* XH? y YH+24 x> XH* y YH + 64 x® XH? y YH - 24 x” XH? y YH- 4 x® XH? y YH + 8 XH3 y YH -
16 X XH3y YH-8 x> XH3 y YH+ 32 x3 XH> y YH- 8 x* XH® y YH - 16 x® XH® y YH + 8 x® XH® y YH -
4y YH-40xy> YH-96 x>y  YH+48 x> y> YH+ 152 x* y® YH+ 56 x° y® YH-32 x® y3 YH -
64x"y>YH-20x3y>YH+24 XHy®> YH+ 112 x XHy® YH-48 x> XH y® YH - 96 x®> XH y® YH -
72 x* XHy> YH-48 x> XHy® YH + 96 x® XH y® YH + 32 x” XH y® YH - 32 XH? y® YH + 24 x XH? y YH -
48 x? XH? y® YH + 48 x® XH? y® YH + 96 x* XH? y® YH - 72 x® XH? y® YH - 16 x® XH? y® YH -
8XH>y> YH+32 x XH3 y> YH-16 x* XH3 y3 YH-32 x> XH® y®> YH + 24 x* XH® y3 YH+ 40 x y° YH +
216 x> y® YH + 88 x3 y® YH - 160 x* y° YH - 144 x® y® YH - 40 x® y® YH - 24 XH y® YH -
240 X XHY’ YH-T72 x> XHy® YH+ 144 x3 XHy® YH + 144 x* XH y® YH + 48 x® XH y® YH +
72 XH? y® YH + 24 x XH? y® YH - 72 x3 XH? y® YH - 24 x® XH? y® YH - 8 XH® y® YH - 16 x XH® y® YH +
24x2XH Yy’ YH+8y YH+40 xy ' YH-96 x>y ' YH-128 x3y' YH-40 x*y" YH-24 XH Yy’ YH +
112 xXHY YH+96 x> XHy” YH+32 x> XHy” YH-32 XH’ y" YH-24 x XH? y" YH - 16 x> XH? y” YH +
8XH>y ' YH-40 xy? YH-20 x> y? YH+24 XHy®’ YH+ 8 x XHY? YH-4 XH? y° YH - 4 y*' YH +
2 x? YH? - 8 x* YH? + 12 x® YH? - 8 x® YH? + 2 x*® YH? - 4 x XH YH? + 16 x® XH YH? - 24 x> XH YH? +
16 X7 XH YH? - 4 x° XH YH? + 2 XH? YH? - 8 x? XH? YH? + 12 x* XH? YH? - 8 x® XH? YH? +
2 x® XH? YH? + 6 y2 YH? + 48 x y? YH? + 88 x? y? YH? - 48 x® y? YH? - 180 x* y? YH? - 48 x° y? YH? +
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72 x® y? YH? + 48 x” y? YH? + 14 x® y? YH? - 24 XH y? YH? - 80 x XH y? YH? + 24 x? XH y? YH? +
144 x3 XH y? YH? + 24 x* XH y? YH? - 48 x® XH y? YH? - 24 x® XH y? YH? - 16 x” XH y? YH? +

16 XH? y? YH? - 24 x? XH? y? YH? + 8 x® XH? y? YH? - 48 x y* YH? - 204 x? y* YH? - 96 x® y* YH? +
168 x* y* YH? + 144 x5 y* YH? + 36 x® y* YH? + 24 XH y* YH? + 168 x XH y* YH? + 48 x> XH y* YH? -
144 x3 XH y® YH? - 72 x* XH y* YH? - 24 x® XH y* YH? - 36 XH? y* YH? + 24 x? XH? y* YH? +

12 x* XH? y* YH? - 12 y® YH? - 48 x y® YH? + 88 x? y® YH? + 144 x® y® YH? + 44 x* y® YH? +

24 XH y® YH? - 80 x XH y® YH? - 72 x® XH y® YH? - 16 x® XH y® YH? + 16 XH? y® YH? + 8 x® XH? y® YH? +
48 x y® YH? + 26 x> yB YH2 =24 XHy® YH? - 4 x XHy® YH? + 2 XH? y® YH? + 6 y'® YH? - 4 y YH® -
24nyH3—32x2yYH3+24x3yYH3+72x4yYH3+24x5yYH3—32x6yYH3—24x7yYH3—
4x3yYH> +8XHY YH3 + 16 x XHY YH® -8 x> XHy YH? =32 x3 XHy YH® - 8 x* XH y YH® +

16 x> XHY YH® + 8 x® XHy YH® + 24 x y® YH® + 80 x? y3 YH® + 48 x3 y® YH® - 64 x* y3 YH® -
72x°y3YH3 - 16 x® y* YH3 -8 XHy® YH® - 32 x XH y® YH® - 16 x> XH y® YH® + 32 x® XH y® YH® +
24x*XHY>  YH3 + 8y  YH3 + 24 x y°  YH3 - 32 x? y* YH3 - 72 x3 y° YH3 - 24 x* y® YH® - 8 XHy® YH? +
16 X XHY® YH® + 24 x> XHy> YH® - 24 x y" YH3 - 16 x* y" YH® + 8 XHy” YH® - 4 y° YH® + YH* +
4XYH* +4x2YH* -4 x3 YH* - 10 x* YH* - 4 x® YH* + 4 x® YH* + 4 x” YH* + x® YH* - 4 x y? YH* -
12x2y? YH -8 x3 y? YH  + 8 x* y2 YH* + 12 x® y2 YH* + 4 x® y? YH* - 2 y* YH? - 4 x y* YH* +
4x2y*YH* + 12 3 y* YR + 6 X  y* YR + 4 x yO YH* + 4 x? yO YH* + y8 YH* -8 x3 Z + 16 x* Z +
12x°2-44x5Z2+16x"2+24x32-20x°Z2+4x®Z+24x*XHZ-48x3XHZ-36Xx*XHZ +
132Xx°XHZ-48 X XHZ -72x" XHZ +60 x® XHZ -12x° XHZ -24 x XH> Z + 48 x> XH? Z +

36 x> XH?Z-132x* XH? Z+48 x®* XH* Z+ 72 x® XH? Z-60 X" XH?> Z+ 12 x® XH* Z + 8 XH® Z -
16 XXH3Z-12x*XH3 Z+44 X3 XH3 Z-16 x* XH3 Z-24 x> XH® Z + 20 x®* XH3 Z -4 X" XH? Z +
24xy?Z+32x%y?72-24x3y?7-60x*y?Z-16x"y?Z+24x5y?Z+20x8y?Z-24XHYy?*Z-
48 X XHY? Z-24 x> XHYy? Z+120 x> XHY? Z+ 72 x* XHY? Z-72 x* XHy? Z + 24 x®* XH y* Z -
48 x" XHy?> Z+16 XH? y* Z + 68 x XH?> y*> Z - 88 x> XH? y*> Z - 64 x> XH? y* Z + 80 x* XH? y* Z -
52 x°XH?y? Z+40 x® XH? y? Z-20 XH3 y? Z + 28 x XH3 y? Z + 8 X2 XH3 y? Z - 32 X3 XH3 y? Z +
28x*XH3y?zZ-12x°XH¥y?Z+16y*Z-36xy*Z-180x2y*Z-80x3y*Z+120x*y*Z +
120x°y*Z+40x°y*Z+44 XHy* Z+180 x XHy* Z+ 128 x> XHy* Z-120 x> XH y* Z -

160 x* XHy?* Z-72 x> XHy* Z-52XH? y* Z- 112 x XH? y* Z + 40 x> XH? y* Z + 76 x> XH? y* Z +
48 x* XH? y* Z+ 24 XH3y* Z-8xXH3y* Z-4x2XxH3y?* Z-12x3 XH3y*Z-36y® Z -

48 xy®7Z+136x*y®Z+160x°y®Z+40x*y®Z+8XHY® Z-120x XHy®Z-152 x* XHy® Z -
48 x> XHY® Z +32XH* y® Z +68 x XH2 y® Z+24 x> XH? y® Z- 12 XH3 y®* Z -4 x XH3 y® Z +
16y32+60xy®Z+20x*>y®Z-28XHYy?Z-12xXHyY®Z+4XH* y®Z+4y'®Z-48xyYHZ-
48 x>y YHZ+96x3yYHZ+60x*YyYHZ-24x>yYHZ-24x"yYHZ-12x3yYHZ +

48 XHYYHZ +64xXHYYHZ-88 x> XHYYHZ-64x>XHYYHZ-16x*XHy YH Z -

16 Xx°XHYYHZ +56 X* XHy YHZ + 16 X’ XHy YHZ - 16 XH* y YHZ -8 x XH* y YH Z +
4x>XH?yYHZ +40 x> XH? yYHZ +16 x* XH? y YHZ -32 x> XH  y YHZ - 4 x®* XH? y YH Z -
48y*YHZ +64xy> YHZ+360 x>y YHZ+112x3y3YHZ-240x*y YHZ -200 x° y* YH Z -
48 x°y® YHZ-88XHY> YHZ-256 x XHY> YHZ -32 x> XHYy® YHZ + 160 x> XHY® YH Z +

168 x* XHY* YHZ +48 x> XHYy* YHZ + 52 XH? y> YHZ + 40 x XH? y3 YHZ - 16 x* XH? y> YH Z -
64x3XH?y3 YHZ - 12 x* XH? y* YHZ + 108 y° YHZ + 136 x y° YHZ - 288 x> y° YH Z -

328 X3y’ YHZ-72x* Yy’ YHZ-16 XHY’ YHZ + 176 x XHYy’ YHZ + 168 x> XHy®’ YH Z +

48 x> XHy> YHZ - 32 XH?* y’ YHZ - 32 x XH? y°  YHZ - 12 x> XH* y° YHZ - 48 y' YH Z -

152Xy ' YHZ-48x*>y"YHZ+56 XHY ' YHZ +16 xXHYy ' YHZ -4 XH? y" YHZ-12y° YHZ +
24X YH?*Z+16 x> YH? Z-52x3 YH? Z-28 x* YH? Z+32x° YH? Z+ 8 x® YH? Z -4 X" YH? Z +
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4x8YH?Z-24XHYH?*Z-16 x XHYH? Z+52 x> XHYH? Z + 28 x> XHYH? Z - 32 x* XH YH? Z -
8X*XHYH?*Z+4 x®* XHYH?Z -4 x" XHYH? Z + 48 y* YH? Z-20 x y> YH? Z- 232 x* y* YH? Z -

96 x>y’ YH? Z+ 160 x* y* YH? Z + 116 x° y* YH* Z + 24 x®* y* YH? Z + 44 XH y* YH? Z +

76 X XHY? YH? Z - 24 x> XHy? YH? Z - 64 x> XHy? YH? Z- 20 x* XHy? YH? Z - 12 x®* XH y? YH? Z -
108 y*YH?Z-128 x y* YH* Z+200 x* y* YH? Z+ 244 x> y* YH? Z+ 48 x* y* YH? Z + 8 XHy* YH? Z -
56 xXHy* YH? Z - 52 x> XHy* YH? Z- 12 x* XHy* YH? Z + 48 y® YH? Z + 124 x y® YH? Z +

40 x> y* YH? Z-28 XHY® YH? Z- 4 x XHY® YH? Z+ 12y  YH? Z-16 yYH® Z-8x y YH3 Z +

52 x>y YH3Z+40x*yYH>Z-32x*yYH3Z-32x°yYH3Z-4x®yYH} Z+ 36y  YH} Z +

40xy YH*Z-48x2y3YH3Z-64 x>y  YH3 Z-12x*y3YH3Z-16y° YH3Z-32x Yy’ YH3 Z-
12x*y’ YW} Z-4y " YH3Z+18x? 722 +12x3 2% -78x* 22 +24 x> 2> + 54 x® 2> - 36 x" 2% +
6x32%-36xXHZ?-24 x> XHZ? + 156 x> XHZ? - 48 x* XHZ? - 108 x®* XH Z? + 72 x®* XH Z% -

12 x” XH Z? + 18 XH? Z? + 12 x XH? 2% - 78 x*> XH? Z% + 24 x® XH? Z? + 54 x* XH? Z® - 36 x® XH* Z? +
6 x°XH?> 22 +18y? 72 -36xy*Z*-156 x*y* 72 - 48 x3y? 72+ 126 x* y* 22 + 36 x° y* Z% +

24 x%y? 72 +24 XHy? Z? + 156 x XH y? 2% + 96 x*> XH y* Z* - 168 x> XH y? Z? - 48 x* XH y? 7% -
36 x> XHy? 7% - 46 XH? y2 722 - 40 x XH? y? 7% + 60 X2 XH? y2 Z? + 8 x® XH? y? 72 + 14 x* XH? y? 7% -
78y* 7272 xy* 72 +186x*y* 72+ 180 x3y* 22 +36 x* y* 722 + 16 XHy? 72 - 124 x XH y* Z? -
152 x> XHy? 22 -36 x> XHy* 22 + 22 XH? y* Z? + 44 x XH? y* Z? + 10 x? XH? y* Z? + 50 y® Z% +
108 xy® 722 +24 x?y® 72 =32 XHy® Z2 - 12 x XHy® Z2 + 2 XH? y® 22 + 6 y® 22 - 36 y YH 2 +

48 x yYHZ? +156 x>y YHZ? -84 x*yYHZ? - 24 x° yYHZ? - 12 x®yYHZ? - 24 XHy YH 7% -
64X XHYYHZ?-16 x> XHYYHZ?2+48 x> XHYyYH Z? +32 x* XHYy YHZ? + 8 x> XHy YH Z° +

156 y> YHZ? + 128 x y YHZ? - 248 x> y* YH Z* - 208 x® y®* YHZ? - 36 x* y® YH 2% -

16 XHy  YHZ?2 + 80 x XHY> YHZ? +64 x> XHy* YHZ? + 16 x> XHy® YH Z2 - 100 y° YH Z2 -

184 xy°YHZ?-36 x>y  YHZ? +32XHY  YHZ? + 8 x XHY  YHZ? - 12y YHZ? + 18 YH? Z° -
12XxYH?Z2 - 46 x> YH?* 2?2 + 8 X3 YH? Z? + 18 x* YH? Z2 - 4 x° YH? 2% + 2 x®* YH? 2 - 78 y?* YH? Z% -

| 69

56 x y2 YH? 2% + 84 x> y?* YH? 2% + 72 x® y? YH? 2?2 + 10 x* y? YH? 22 + 50 y* YH? Z? + 76 x y* YH? Z° +

14x2y* YH? 22 + 6 yO YH? 22 - 72 x2 23+ 12 x3 23+ 52 x* 723 -28x° 23 +4x® 22 + T2 x XH Z3 -
12x2XHZ3-52x3XHZ3 +28 x*XHZ3 -4 x> XHZ3-72y? 73 -36xy? 73 + 104 x* y* 73 +

56 x3y?Z3+12x*y?Z3+12XHy? 23 -52 x XHy? Z3 - 48 x> XHy? 23 -8 x®* XHy? Z3 + 52 y* 73 +
84xy*Zz3+12x2y*Z3 - 12XHy*Z3-4xXHy* 23 +4y® 73+ 72y YHZ3 +24 xyYH Z3 -
52x*yYHZ®-8x*yYHZ3-4ax*yYHZ®-52y3YHZ3-72xy  YHZ3 -8 x2y3  YHZ3 -
4ySYHZ?-2772%+18x2 20 -8x* Z* + x* 2* + 18 y? Z* + 24 x y? 2% + 2 X% y? 2% + y* Z%)

ni3si= Factor[p[0, O, X, Y, Z]]
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ouaate X -4 x®+4x®+ax T -10x8+4x%+4x0—axt i x2i2x2yri8x3yr-24xtyroaxty?
32xGy2—16x8y2—4x9y2+6x1°y2+y4+12xy4+36x2y4—20x3y4—36x4y4—24x5y4—
8x6y4+24x7y4+15x8y4—12xy6—80x2y6—32x3y6+48x4y6+56x5y6+20x6y6—
2y8-12xyB 4362y +44x3yB 15 xtyB 12 xy® e x?yPiyt2_8x3Z+16xMZ+
12x°72-44%x572+16x"2+24x372-20x°Z2+4x®72+24xy?7+32x*y?7-24x3y?Z-
60x*y2Z-16xy?Z+24x8y?Z+20x8y?Z+16y*Z-36xy*Z-180x*y*Z-80x3y*zZ+
120x*y*Z+120x°y*Z+40x%y*Z-36y°7-48xy®Z+136x*y®Z+160x3y®Z+
40x*y®Z+16y8Z+60xy3Z+20x2y8Z+4y®z+18x222+12x322-78x 2% +24Xx% 2%+
54 x%72-36x"22+6x37%+18y?* 7% -36xy?7?-156x>y?7?-48x3y? 7?2+ 126 x* y? 7% +
36 x°y272+24x8y2 72278yt 72 T2 xy* 72+ 186 x2y* 72+ 180 x3 y* 72 + 36 x* y* 7% +
50y® 72 +108xy® 72 +24x?y® 72 +6y8 72 -72x* 723+ 12x3 723 452 x* 22 - 28 x> 23 +
4x572-72y*73-36xy*Z2+104x*y? 22+ 56 x> y? 22+ 12x* y? 22+ 52yt 73+ 8ax yt 73 +
12x2y* 73 +4y8 73 277%+18x2 2% -8x3 7%+ x* 2P+ 18 y2 Z* 1 24 x y? 7V v 2 X2 y2 Zh 4 yH Z°

naszie (((XA2+yA2) A2+ 8 X (3yA2-xA2) +18 (XxA2+yA2) -27) ZA 4+

4 ((XM2+y2A2) A3 +TXx (B3y"2-x72) (x"2+yhr2) +
13 (xA2+y"2)A2+3x (x"2-3y72)-18 (x"2+y"2))Z"3 +

2 (3 (xM"2+yMr2)M44+18x (By"2-xM2) (xM2+yr2)7r2+
(3x7"2+ynh2) (9x"4+18xM2yNr2+25yMr4) +12Xx (X"2-3yr2) (xh2+yhr2) -
39 (X"2+yA2) A2 +6 X (XM2-3yMr2) +9 (XN2+yN2)) ZA2 4+

4 (xM2+yr2-1) ( (Xx"2+y"2)2r4-5x (x"2-3y"r2) (x"2+y"r2)7r2+
(7x"6+3x"4y"2+33x"2yr"4+5y”"6) -
X (X"2-3yM2) (x"2+y"2)-6XxXyr2-4 (x"2+yNr2)r2+2Xx"3)Z +

(XA24yA2-1)72 ((XA2+4yr2)A242x (BYyh2-xP2) + (XxA2+yAh2))A2
oz (1434 y?)? (P ay?e (Cry?)Pa2x (x243y?)) s
4 (-1+x%+y?) (2x3+7x6—6xy2+3x4y2+33x2y4+5y6—
x (x2-3y2) (x®+y?) -4 (X +y?)?-5x (x2-3y2) (x+y?) 74 (x4 y? 4)2+
2 (6x (x*-3y?) +9 (X +y?) +12x (X’ =3y?) (¥ +y?) =39 (X’ +y?)7+3 (X 4y?) s
18 x (x2+y?)? (-x2+3y2) + (3x% +y?) (9x4+18x2y2+25y4))22+
4(3x (x*-3y?) 18 (x4 y?) +13 (X +y?) 4 (P ay?) e Tx (P y?) (-X7+3y7) ] 224
(-27+18 (X +y?) + (P +y?) 4 8x (-x*+3y?) ] 2°

in33s= Factor [%% - %]

out[3zzl= O

(# Lemma 14 Check. *)



In[334]:=

out[334]=

In[335]:=

Out[335]=

In[336]:=

Out[336]=

In[337]:=

out[337]=

In[338]:=

out[338]=

In[339]:=

out[339]=

In[340]:=

Out[340]=
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Factor[{cl172, c272, c3”2, clc2c3} /. cSubs]

{

(-D1+r22+r32)%  (-D2+r12+r32)%  (-D3+r124r22)°

412232 ’ 4r1? r3? ’ 4r1? r2?
(-D3 +rl?+ r22) (-Dz +rl?+ r32) (—Dl +r22+ r32) }

8r1? r2? r3?
{Numerator[%], Denominator[%]}
{{(—Dl+ r22+r3?)%, (-D2+r12+r32)?,
(-D3+r1?+ rzz)z, (-D3+r1%+r2%) (-D2+r1?+r3%) (-D1+r2°+ r32)},
{4r2%r3%,4r1%r3%, 4r1%r2?, 8r1% r2? r32}}

Factor[% /. {r172-R1, r2A2-R2, r372-R3,
-D1+r2%+r3% 5 Rlbar, -D2 +r1? + r3? » R2bar, -D3 + r1? + r2? - R3bar} |

{{R1bar?, R2bar?, R3bar?, Rlbar R2bar R3bar}, {4 R2R3, 4R1R3, 4R1R2, 8 RLR2R3} |

Factor[ %[[1]] /%[[2]] ]
Rlbar? R2bar? R3bar? Rlbar R2bar R3bar

{4R2R3’4R1R3’4R1R2’ 8 R1 R2 R3 }

Factor[

Factor [Factor[{r172, r272, r322, -D1+r2?+r3?, -D2+r1*+r3?, -D3+r1*+r2?} /.

r2RSubs] /. DRSubs] //. ySubs]

{1+x?-2xx1+y?-2yyl+Z, 1+x*-2xx2+y*-2yy2+Z,

1+x?-2xx3+y?-2yy3+Z,2 (xX*-xx2-XxXx3+x2x3+y’-yy2-yy3+y2y3+Z),

2 (x*-xx1-xx3+x1x3+y’-yyl-yy3+yly3+Z),
2 (x*-xXx1-xx2+x1x2+y*-yyl-yy2+yly2+Z)

Factor[% /. {x>0,y > 0}]

{1+Z,1+Z,1+Z,2 (x2x3+y2y3+Z),2 (xI1x3+yly3+Z),2 (Xx1x2+yly2+Z)}

Factor [XYAReduce[%] /. tweak3]

1

{1+z, 1+Z,1+Z, — (-3-2X1XH+XH*-2Y1YH+YH* +62Z),
3

(-3-2X2XH+XH*-2Y2YH+YH* +62Z),

(—3+2XlXH+2X2XH+XH2+2YlYH+2Y2YH+YH2+6Z>}

| 71
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na= List = Delete[%, {{1}, {2}}]

1 1
Out(aat]= {1+z, — (-3-2X1XH+XH*-2Y1YH+YH*+62Z), — (-3-2X2XH+XH* -2 Y2YH+YH*+6Z),
3 3
1 2 2
— (-3+2X1XH+2X2XH+XH? +2Y1YH+2 Y2 YH + YH +62)}
3

nae2- newlist = Factor[ XYAReduce[ { list[[1]], list[[2]]+ list[[3]] + list[[4]],
Tist[[3]] list[[4]] + list[[4]] list[[2]] + list[[2]] list[[3]],
list[[2]] list[[3]] list[[4]]} 1 /. tweak3]

{

1+7Z,
-3+XH?+YH*+6Z,
3-5XH?+2XH3-5YH -6 XHYH? -12Z+4XH?Z+4YH?* Z+ 12 Z?,

—1+4XH? -4 XH3 + XH* + 4YH? + 12 XHYH? + 2 XH? YH? + YH* + 6 Z -
10XH? Z+4XH3Z-10YH?* Z-12XHYH? Z-127Z? + 4 XH?* 22 + 4YH? 22 + 8 73

}

(*» Poly's are scaled differently in paper - will change there x)

neas= {QO®, Q1, Q2, Q3} - %

ousas- {-1+Q0-2Z, 3+Ql-XH> -YH*-62Z,
~3+Q2+5XH*-2XH3+5YH? +6 XHYH? + 12 Z -4 XH* Z -4 YH* Z - 12 72,
1+Q3-4XH? +4XH3 - XH* -4 YH? - 12 XHYH? - 2 XH? YH? - YH* -6 Z +
10 XH? Z-4 XH® Z+ 10 YH? Z + 12 XH YH? Z + 12 7% - 4 XH? Z° - 4 YH® 7 - 8 7°}

nisaj- GroebnerBasis[ {-1+Q0-Z, 3+Q1-XH*-YH* -6 Z,
-3+Q2+5XH? -2 XH3+5YH? + 6 XHYH? +12Z -4 XH?* Z-4YH?* Z-12 72,
1+Q3-4XH? + 4 XH3 - XH* -4 YH? - 12 XHYH? - 2 XH? YH?> - YH* -6 Z+ 10 XH?* Z -4 XH?} Z +
10 YH? Z+ 12 XHYH? Z+ 12 22 - 4 XH? 22 - 4 YH? 22 - 8 2}, {Z, VH, XH, Q3, Q2, Q1, Q0}]
ousas- {12 Q0% - 8 Q0% -4 Q0 Q1 +4Q0° Q1 -Q1* +4Q2-2Q0Q2+Q3,
-54+54Q0-12Q0%-9Q1+4Q0Q1-Q2-54XH+36Q0XH-6QLXH+8XH>,
-9+6Q0-QL+XH?+YH?, 1-Q0 +Z}

In[345]:= po'Ly = %[[1]]
outaas- 12002 -8Q0° -4Q0Q1+4Q02Q1-Q12+4Q2-2Q0Q2 +Q3

(*
This generates ideal of polynomials in Q0, Ql1, Q2, Q3
(independent of XH and YH) such that substitutions yield zero.

*)
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(*
Theorem 2 Check.
Mathematica becomes overwhelmed trying to compute the
multi-polynomial resultant.
Let us here start instead by obtaining the discriminant
of the quartic. Start with Grunert's system:

*)

n@asl= Pl = r222 + r322 - 2r2r3cl - D1
P2 = r372 + r172 - 2r3rlc2 - D2
p3 = r172 + r222 - 2rl1lr2c3 - D3

ouaasle D1+ r2%2 -2¢clr2r3+r32
ouaarie D2+ r1%2-2¢c2rlr3+r3?
ouaasle D3+ r1%2-2¢3rlr2+r22

ni340)= p4 = Factor [Resultant[pl, p2, r3]]

ouaael- D12 -2D1D2+D22+2D1r12-4¢c2?D1r12-2D2r1%+r1*+
4clc2Dlrlr2+4clc2D2rlr2-4clc2r1®r2-2D1r2%2+2D2r2%-
4c12D2r22-2r1%r22+4c1?r1%r2%2+4c2?r1%2r2%2 - 4clc2r1r2d+r2%

nss0= P5 = Factor[Factor [Resultant[p3, p4, r2]] /. rl - Sqrt[R1]]
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ouso- D1%-4D1°D2+6D12D2%2-4D1D2%+D2%-4D1°D3 +12D1%2D2D3 -8 c1?D12D2D3-12D1D22D3 +
16 c12D1D22D3 +4D2°D3-8¢c1?D23D3+6D12D3%-12D1D2D3%+16 c1?D1D2D3”+
6D2%2D3%-16c1%2D22D3%2+16 c1*D22D3%2-4D1D3%*+4D2D3%°-8c1?D2D3%+D3*+
8D1°R1-8c22D13R1+8clc2c3D1®R1-8¢32D1®R1-24D12D2R1+8c1?2D1?D2R1 +
16 c22D12D2R1-8clc2c3D1%>D2R1 +24 c3?D12D2R1-16 c1? c32D1?D2 R1 + 24 D1 D22 R1 -
16 c12D1 D22 R1-8c22D1D2?°R1-8clc2c3D1D2?R1-24c32D1D22R1+32cl?c32D1D2%R1-
8D2°R1+8c12D2®R1+8clc2c3D2®R1+8c32D2°R1-16c1?c32D23R1-24D12D3R1+
8 c12D12D3 R1+24 c2?2D1?°D3R1-16c1?c22D12D3R1-8clc2c3D1?2D3R1+16c32D1?D3R1 +
48D1D2D3R1-64c1?D1D2D3R1-32c2°D1D2D3R1+48clc2c3DlD2D3R1+
32c1®c2c3D1D2D3R1-32¢c32D1D2D3R1-24D22D3R1+56c12D22D3R1-32c1*D22D3R1L+
8c22D22D3R1-16c1?c2?2D22D3R1-40clc2c3D2?2D3R1+32c1%c2c3D22D3R1+
16 ¢32D22D3 R1 +24D1D3?R1-16 c12D1D32R1-24 c22D1D3%2R1+32c1?c22D1D32R1 -
8c1c2c3D1D3%R1-8c3%D1D3%R1-24D2D3%R1+56c1?D2D3?R1-32c1*D2D3%R1+
16 c22D2D3?R1-40clc2c3D2D3?R1+32c1%c2c3D2D32R1+8c32D2D3%R1-

16 c12¢32D2D32R1-8D3%R1+8¢c12D3*R1+8c22D3%R1-16c12c2?2D3%R1 +
8clc2c3D3®°R1+24D1%2R1%-8c12D1?R1%-40 c22D1?R1%+16 c1?c2?D1%R1% +

16 c2* D12 R1% + 16 c1 c2 c3 D12 R1%-32 c1 c2®c3 D12 R1%-40 c32D1%R1? + 16 c1? c3° D12 R1?% +
48 c22 c32D12R1%2-32c1c2c3*D1?2R1%+16 c3* D12 R1% - 48 D1 D2 R1? + 48 c12 D1 D2 R12 +

48 c22D1D2R1%2-32¢clc2c3D1D2R1?-32¢c13c2¢c3D1D2R1%2-32cl1c2®c3D1D2R1?+

80 c32D1D2 R1%-64 c1? c3%2 D1 D2 R1% - 64 c2° c32 D1 D2 R1? + 64 c1? c2°? ¢32 D1 D2 R1? +

64 clc2c3°D1D2R1%-32c¢3*D1D2R1%+24D2%2R1%-40c1?D22R1% + 16 c1* D22 R1% -

8 c22D22R1%+ 16 c1? c22 D22 R1%+ 16 cl c2 c3D2%2R1%-32c13c2 c3 D22 R1?% -

40 c32 D22 R1% + 48 c12 ¢3? D22 R1%2 + 16 c2? c32 D22 R1%2 - 32 c1 c2 c3® D2% R1% +

16 c3*D2% R1% - 48 D1 D3 R1? + 48 c1> D1 D3 R1%2 + 80 c22 D1 D3 R1% - 64 c12 c2? D1 D3 R1% -
32c2*D1D3R1%2-32¢c1c2c3D1D3R1%2-32¢c1%c2c3D1D3R1%2+64clc2®c3D1D3R1?+

48 c32 D1 D3 R12-64 c2?¢c32D1D3R1%+64 c1?c2?2¢32D1D3R1%2-32clc2c33D1D3R1%+

48 D2 D3 R1%-112 c1?2D2 D3 R1? + 64 c1* D2 D3 R1% - 48 c2° D2 D3 R1%2 + 32 c12 c2? D2 D3 R1% +
160 c1 c2 c3D2D3 R1%-128c1®c2c3D2D3R1%-32c1c2%c3D2D3R1%-48c32D2D3R1%+
32¢c12¢c32D2D3R1% + 64 c1?2 c22 c32D2 D3 R1%2-32c1l c2 c3*D2D3R12+24D32R1% -

40 c12D3? R1% + 16 c1* D32 R1% - 40 c2? D3? R1% + 48 c1? ¢2? D32 R1? + 16 c2* D32 R1? +

16 c1c2c3D3?°R12-32¢c1%¢c2c3D3?R1%-32clc2®c3D32R1%-8c3?°D32R1%+

16 c1? ¢32 D32 R1% + 16 c22 c32D3%2R12+32 D1 R1®- 32 c12D1 R1% - 64 c22 D1 R1% +
32¢c12c2?2D1R1%+32¢c2*D1R13+32c1c2c3D1R1®+32c13c2c3D1R13-32clc23c3D1R13-
64 c32D1R1%+32c1?c32D1R1%+128 c2?c3?D1R1%-128c12c2?c3?D1R1°-64c2*c32D1R1®-
32clc2c3®°D1R1®+128c1c2®c3°D1R1%+32c3*D1R1%3-64c2%c3*D1R1®-32D2R13+

64 c12D2R1®-32c1*D2R1%3+32¢c22D2R1%-32¢c12c22D2R1%-96clc2c3D2R1%+

96 c1®c2 c3D2R1%+32clc2®c3D2R1%+64c32D2R1%-64c1?c3?2D2R1%-32c2%c32D2R13-
64 cl?c22c3?D2R1%+96c1c2c3®D2R13-32c3*D2R1%-32D3R1%3+64 c12D3R1%-
32c1*D3R1%+64 c22D3R1%-64c1?c2?2D3R1®-32c2*D3R1%-96cl1c2c3D3R1%+

96 c1® c2 c3D3R1%+96 cl c2®c3D3R1%+32c32D3R1%-32c12c3?2D3R1%-32c2%2c32D3R1%-
64 c12 c2?c3?D3R1%+32c1c2c3®D3R1%+16R1*-32c1?R1%+16 c1*R1*-32 c2?R1% +
32c1?c2?R1*+16 c2*R1*+64 c1 c2 c3R1*-64 c1®c2 c3R1*-64 clc2®c3R1*-
32c32R1*+32c12¢3%2R1%*+32c2% c32R1*+ 64 c1? c2?2 c3? R1*-64 c1 c2 c3® R1* + 16 c3* R1*
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nist= Factor [CoefficientList[p5, {c3, c2, cl}]]
oussil= {{{(D1-D2-D3+2R1)*, ©, -8 (D2-R1) (D3-R1) (D1-D2-D3+2R1)?, 0,
16 (D2 -R1)? (D3-R1)%}, {0, 0, @, ©, 8}, {-8R1 (D1-D3+R1) (D1-D2-D3+2R1)?,
0, -16 (D3 -R1) R1 (D1?+D2*-2D1D3+D3?+2D1R1-2D2R1-2D3R1+2R1%), 0, 0},
{0, 0,0,0,0}, {16R1* (D1-D3+R1)?, 0, 0, 0, 0}}, {{0, 0,0, 0, 0},
{6, 8R1 (D1-D2-D3+2R1) (D1*-D2%+6D2D3-D3”-4D2R1-4D3R1+4R1%),
0, 32 (D1+D2+D3-2R1) (D2-R1) (D3-R1)R1, 0}, {0, 6, 0, 0, 0},
{0, -32R1? (D1 +D1D2-2D1D3+D2D3+D3?+D1R1-D2R1-3D3R1+2R1%), 0, 0, 0},
{0,0,0,0,0}}, {{-8R1 (D1-D2+R1) (D1-D2-D3+2R1)?, 0, -16 (D2-R1) R1
(D1*-2D1D2+D2?+D3?+2D1R1-2D2R1-2D3R1+2R1?%), 0, 0}, {0, 0, 0, 0, 0},
{16 R1? (3D1?-4D1D2+D2%-4D1D3+D3?+8D1R1-2D2R1-2D3R1+2R1?%),
0, 64R1% (D1D2+D1D3+D2D3-2D1R1-D2R1-D3R1+R1%), 0, 0},
{0, 0,0,0,0}, {-64D1R1°, 0,0, 0, 0}}, {{0, 0,0, 0, 0},
{6, -32R1? (D1?-2D1D2 +D2%+D1D3+D2 D3 +D1R1-3D2R1-D3R1+2R1%), 0, 0, 0},
{0, 0,0,0,0}, {6, 128D1R1%, 0, 0, 0}, {0, 0, 0, 0, 0} },
{{16R1* (D1-D2+R1)?, 0, 0, 0, 0}, {0, 0, 0, 0, 0},
{-64D1R1%, 0,0, 0, 0}, {0, 0,0, 0,0}, {0,0,0,0,0}})

niEs2r= quarticDiscriminant = Factor[Discriminant[p5, R1]]
ousszl- 16 777216 (-1+cl1®+c2?-2clc2c3+c3?) 2
(c1?D1+c2?°D1-2clc2¢3Dl-c1?D2-¢c2°D2+2clc2c3D2+cl?D3-c2? D3)2
(c1?D1-2clc2¢3D1l+c¢3’°Dl+c1?D2-¢3°D2-¢c1?°D3+2clc2c3D3-c3? D3)2
(-c2?D1+c3°D1-c2°D2+2clc2c3D2-c3?D2+c2?D3-2clc2c3D3+c3? Ds)2
(D1°-2¢2?D1%+c2*D1°-2¢3? D1° + 4 c2? ¢3° D1° - 2 ¢2% c3?D1° + ¢3% D1° - 2 c2? ¢3* D1° +
c2*c3*D1°-2D1°D2+4c2?D1°D2-2¢c2*D1°D2+4clc2c3D1°D2-4clc2®c3D1°D2-
4c22¢3?2D1°D2+4c2%c32D1°D2-8c1c2c3*D1°D2+8clc2®c3®*D1°D2+6c3*D1°D2 -
4c22¢3*D1°D2-2c2%c3*D1°D2+4c1c2c3°D1°D2-4clc2®c3°D1°D2-4¢c3°D1°D2+
4¢c2?c3°D1°D2-D1% D22 +2c12D1*D2% + 2 c1? c22D1* D2% + c2* D1* D2% - 16 c1 c2 c3 D1* D2?% +
8c1c2®c3D1*D22+18c32D1*D2%-8c12¢32D1%D22-12c2?c32D1%D2%-2c2*c3%D1% D22+
32 clc2c3®°D1*D22-16c1c2®c3®D1*D22-33¢c3*D1*D2% +10 c12c3*D1* D22+
24 c22 ¢c3*D1% D22 -6 c1? c2?2 c3* D1* D2% + c2% c3* D1 D22 - 16 c1 c2 c3° D1* D22 +
8cl1c2®c3°D1*D2%+16c3°D1*D2%-4c1? c3°D1% D2% - 12 c2? c3°D1* D2?% +
4c12c2?c3%°D1* D22 +4D13D2%-4c1?2D13 D23 -4 c22D13D2° -4 c1? c22 D13 D23 +
24clc2c3D13D2%-4c13c2c3D13D2%-4c1c23c3D13D2%-32c32D13D2%+
20 c1? c32D13D2% + 20 c22 32 D1 D2% - 48 c1 c2c3°D13D2% + 8 c1® c2 c3° D13 D23 +
8cl1c2®c3®D13D2%+52c3*D13D2%-28¢c12c3*D13D23-28c22c3* D13 D23+
12 c12¢c2%2c3*D1° D223 + 24 c1c2¢3°D13D2% -4 c1®c2c3° D13 D23 -4 c1c23c3° D13 D23 -
24 ¢c3°D13D2% +12¢c12¢c3°D1%D2% + 12 c22 ¢3° D13 D2% -8 c1% c22 c3° D13 D23 - D12 D2* +
c1*D1%2D2* + 2 ¢c22D12D2% + 2 c1?2 c22 D12 D2* - 16 c1 c2 c3D1% D2* + 8 c13 c2 c3 D1% D2* +
18 ¢32D1%2D2%-12c1?c3?D12D2% -2 c1? c32D1%D2% -8 c22c3%2D1? D2* +32 c1 c2 ¢33 D1% D2* -
16 c1® c2 ¢33 D12 D2% - 33 ¢3* D12 D2* + 24 c12 ¢3* D12 D2* + c1* ¢3* D12 D2* +
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10 c22 ¢3*D1? D2* -6 c1%? c2? c3* D12 D2* - 16 c1 c2 c3° D12 D2* + 8 c1® c2 ¢3° D12 D2* +

16 c3°D1%2D2% - 12 c1? c3°D12D2% - 4 c22 c3° D12 D2% + 4 c12 c22 c3°D12D2% -2 D1 D2°% +
4¢12D1D2°-2¢1*D1D2°+4clc2c3D1D2°-4c13c2¢3D1D2%-4c1?c32D1D2%+
4c1*c3?D1D2°-8c1c2c3°D1D2°+8c1®c2c3°D1D2°%+6c3*D1D2°-4c1?c3*D1D2°-
2c1*c3*D1D2°+4c1c2c3°D1D2°-4c1%c2c3°D1D2°-4¢3°D1D2%+4c1?c3°D1D2%+
D2%-2¢c12D2%+c1%D2%-2¢32D2%+4c1?c32D2%°-2c1% c32D2% + c3* D2° -

2c1?c3*D2% +c1*¢3*D2°-2D1°D3+6c2*D1°D3-4¢c2°D1°D3+4clc2c3D1°D3-
8c1c2%c3D1°D3+4clc2’°c3D1°D3+4c32D1°D3-4c2%c3?°D1°D3-4c2*c32D1°D3+
4c2%¢3?2D1°D3-4c1c2c3°D1°D3+8c1c23c3°D1°D3-4c1c2°c33D1°D3-
2¢3*D1°D3+4¢c22¢c3*D1°D3-2¢c2*¢c3*D1° D3 +6D1* D2 D3 -8 ¢c12D1* D2 D3 -

12 c22D1*D2D3 +12¢c1%?c2?D1*D2D3+6 c2* D1 D2D3 -4 c1?c2*D1*D2D3 +
8cl1c2c3D1*D2D3-28c1c2®c3D1*D2D3+20clc2°c3D1*D2D3-12c32D1*D2D3+

12 c12¢3%2D1* D2 D3 + 40 c22 ¢c32D1* D2 D3 - 28 c2* c32 D1* D2 D3 - 12 c1? ¢2* 32 D1* D2 D3 -
28 c1c2c3°D1*D2D3 +48clc2®c3®D1*D2D3-20clc2®°c3®°D1*D2D3+6c3*D1*D2D3 -
4c12¢c3*D1*D2D3-28¢c2?c3*D1*D2D3-12 c1?c2?c3*D1* D2 D3 +22 c2* c3*D1* D2 D3 +
16 c12¢c2* c3*D1*D2D3 +20 c1c2c3°D1*D2D3 -20 cl c2®c3°D1*D2D3-4D13D22D3 +
4¢12D1%D22D3 + 16 c22 D13 D22 D3 - 12 c12 c2?2 D13 D22 D3 - 12 c2* D13 D22 D3 -
8c1?¢c2*D1°D22D3-12¢c1c2c3D13D22D3-8c1%c2c3D1°D22D3+44 c1c2®c3D1®D2%D3+
24 c1®c23c3D1°D22D3+8¢32D13D2°D3 + 8 c1? c32D13 D22 D3 -56 c22 c3? D13 D22 D3 +

32 c2%c32D13D22 D3 -24 c12c2*c32D13 D22 D3 +32 clc2 c3°D1%D22D3 -
8c1%®c2c33D13D22D3-48c1c2%c3°D13D22D3-8c1%c2%c3®D1%D22D3 -
4c3*D13D22D3-12¢c12¢3* D13 D22 D3 + 40 c2? c3* D13 D2%2 D3+ 12 c1? c22 ¢3* D1° D22 D3 -
20 c2* c3* D13 D22 D3 +32 c12c2* c3* D13 D22 D3 -20 c1 c2 c3° D13 D22 D3 +

16 c13¢c2¢c3°D1%D22D3 +4 c1 23 ¢3° D13 D22 D3 - 16 c1® c23 ¢3° D13 D22 D3 - 4 D12 D23 D3 +
16 c12D1%2D2°D3-12¢c1* D12 D23 D3 + 4 ¢c22 D12 D23 D3 - 12 c1%2 c2?D1% D23 D3 -
8c1*c2?D12D23D3-12¢c1c2c3D12D23D3+44c1®c2c3D1?2D23D3-8clc2®c3D12D23D3+
24 c1®c23¢c3D12D2°D3+8¢32D12D23D3-56¢c1%2c32D12D23D3+32c1*c32D12D23D3 +

8 ¢c22¢c32D12D23D3-24c1%c22¢3%2D12 D23 D3 +32 ¢l c2c3®D12D23D3 -

48 c1®c2¢c3*D1°D23D3-8c1c2®c3°D12D23D3-8c1®c2°c3®D1%2D23D3 -

4¢c3*D1%2 D23 D3 + 40 c12¢c3* D12 D23 D3 -20 c1* c3* D12 D2 D3 - 12 c2? c3* D12 D23 D3 +

12 c1? c2? ¢3*D1?2 D23 D3 + 32 c1* c2? c3* D1% D23 D3 - 20 c1 ¢2 ¢3° D12 D23 D3 +
4c13c2c3°D12 D22 D3 +16 c1 c2®c3°D12 D23 D3 - 16 c1® c2® ¢3° D12 D23 D3 + 6 D1 D2* D3 -
12 c12D1D2*D3 +6¢c1*D1D2% D3 -8¢c22D1D2*D3+12c1?¢c22D1D2*D3-4c1*c2?D1D2* D3+
8clc2c3D1D2*D3-28¢c1%¢c2c3D1D2*D3+20c1®c2c3D1D2*D3-12c32D1D2*D3+

40 c1? c32D1D2% D3 -28 c1* c32D1D2* D3 + 12 c2? ¢32D1 D2* D3 - 12 c1* c2? ¢c32 D1 D2* D3 -
28 c1c2c3°D1D2*D3+48c1%c2c3®D1D2*D3-20c1®c2c3°D1D2%D3+6c3*D1D2%D3 -
28 c1?c3*D1D2* D3 +22 c1* c3*D1D2* D3 -4 22 c3*D1D2% D3 -12 c1? c2? c3* D1 D2* D3 +
16 c1* c22c3*D1D2* D3 +20 clc2c3°D1D2*D3-20c13c2¢c3°D1D2*D3-2D2°D3 +
6c1*D2°D3-4c1®°D2°D3+4clc2c3D2°D3-8c13c2¢c3D2°D3+4c1®°c2c3D2°D3+
4c32D2°D3-4¢1%¢c3%D2°D3-4¢c1%c32D2°D3+4¢c1®°c3?°D2°D3-4cl1c2c3°D2°D3+
8c1®c2c33D2°D3-4c1%°c2¢33D2°D3-2c3*D2°D3 +4c1?¢3*D2°D3-2c1*c3*D2°D3 -
D1 D32 +2¢c12D1% D32+ 18 c22D1*D3%2 -8 c1? c22D1* D32 -33 c2*D1* D32+ 10 c1? c2* D1* D32+
16 c2°D1*D3% -4 ¢c12c2°D1*D3?-16 cl c2c3D1*D3?+32c1c2®c3D1*D3%-

16 c1c2®c3D1*D3%+2c12¢c3?D1%D32-12c22¢32D1* D32+ 24 c2% c32D1% D32 -
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6 c1?c2* c32D1*D3%-12¢c2%°c3?D1*D3% + 4 c1? c2°¢3%2D1* D32+ 8 clc2c3®D1* D32 -

16 c1c23c3°D1*D3%+8cl1c2®c3®D1*D3% +c3*D1*D3%-2¢c22 c3*D1% D32 + c2* ¢3* D1* D32 -
4D1°D2D3%2+4¢c12D13D2D3% +8c22D13D2D32+8c1%c2?2D1°D2D3% -4 c2* D13 D2 D32 -

12 c12¢c2*D13D2D3%-12c1c2c3D13D2D32-8c1%c2¢3D13D2D3%+32clc2®c3D1°D2D32-
8c1®c2®c3D13D2D3%-20cl1c2°c3D13D2D3%+16c1®c2%c3D1®D2D3%+16¢32D13D2D32% -
12 c12¢3%2D13 D2 D3% - 56 ¢22 ¢c32D1° D2 D32 + 40 c2* ¢32 D13 D2 D32 + 12 c1%2 c2* c32 D13 D2 D32 +
44 c1c2c3°D13D2D3%+24c13c2c3°D13D2D3%-48cl c2®c3®D13D2D3? -
8c1®c23c3°D13D2D3%2+4c1c2°c3®D13D2D3%-16c1®c2°c3® D13 D2D3?% -

12 ¢3*D1° D2 D3? - 8 c1? ¢3* D13 D2 D32 + 32 c2? ¢3* D1® D2 D3? - 24 c1? c2? c3* D1® D2 D3? -

20 c2* ¢3* D13 D2 D3% +32 c1?2 c2* c3* D13 D2 D32+ 10 D12 D22 D32 - 32 ¢12 D12 D22 D32 +

22 c1* D12 D2% D3? - 32 ¢2? D12 D22 D3% + 78 c1? c2? D12 D22 D3? - 22 c1* c2° D12 D2% D3? +

22 c2* D12 D22 D3%-22c1? c2* D12 D22 D32 -8 c1* c2* D12 D22 D3% + 56 c1 c2 c3 D12 D22 D32 -
104 c13c2 ¢3 D12 D22 D32 - 104 c1 c23 c3D1%2 D22 D32+ 88 c1® c23 ¢3 D12 D22 D32 -

32 ¢3%2D1%2 D22 D3% + 78 c1? ¢32 D12 D22 D3% - 22 c1* ¢3? D12 D22 D32 + 78 c2% c3? D1? D22 D3? -
84 c1? c2%2 32 D1° D22 D3% + 54 c1* c2? ¢32 D12 D22 D32 - 22 c2* c32D1% D2? D32 +

54 c1? c2* ¢32 D12 D22 D3% -8 c1? c2* ¢32 D12 D22 D3%2- 104 c1 c2 ¢33 D12 D22 D32 +

88 c1® c2 c3°D12D2%2 D32+ 88 c1 c2%¢3®D12D22D3%- 136 c1® c2% 3% D12 D22 D32 +

22 ¢3* D12 D22 D3%-22¢c1?c3* D12 D22 D3% - 8 c1* c3* D12 D22 D32 - 22 c2? c3* D12 D22 D3% +

54 c1? c22 ¢3* D1? D22 D3% -8 c1? c22 ¢3* D12 D22 D3% - 8 c2* c3* D12 D22 D32 -

8 c1? c2* c3*D12D22D3%+ 16 c1? c2* ¢3* D12 D22 D32 -4 D1 D23 D32 + 8 c12 D1 D23 D32 -
4¢c1*D1D2°D3%2+4¢c22D1D23D3%+8c12¢c2?2D1D23D3%-12c1%c22D1D23D32-
12c1c2c3D1D2°D3%+32c1®c2¢3D1D23D3%-20cl1®c2c3D1D23D3%-
8c1c2®c3D1D2°D3%-8¢c1%c2®c3D1D23D32+16c1°c2®c3D1D23D3%+16c32D1D23D32-
56 c1? ¢c32D1 D23 D3% + 40 c1* ¢32D1 D23 D32 -12 22 ¢c32D1D23D32+12 c1* c22 ¢32D1 D23 D32 +
44 c1c2c3°D1D2°D3%-48c13c2c3°D1D23D3%+4c1®°c2c33D1D23D3%+

24 c1c2®c3*D1D23D3%-8c1%®c23c3°D1D23D3%2-16c1® c23c3®D1D23D3? -

12 ¢3*D1D2%D3%2+32c12¢c3* D1 D23 D3%-20 c1* c3* D1 D23 D32-8c2% c3* D1 D23 D32 -

24 c1? c2?2 ¢3* D1 D23 D32 + 32 c1* c22 ¢3* D1 D2° D32 - D2* D32 + 18 c12 D2* D32 -

33¢c1*D2*D3% +16c1°D2* D32+ 2 ¢c22D2* D32 -8 1% c2?D2* D32+ 10 c1* c2?2 D2* D32 -
4¢1°c2?2D2*D32-16clc2c3D2*D3%+32cl1®c2c3D2*D3%-16c1%°c2c3D2%D3%2-

12 c12¢3%2D2% D32+ 24 c1* ¢32D2% D32 -12 c1® c32D2* D32 + 2 c22 ¢32D2* D32 -

6 cl?c2?c32D2%D3% + 4 c1®c22¢c3?D2*D3?+8clc2c33D2*D3%-16c1®c2c3°D2*D3% +
8c1®°c2c33D2% D32+ ¢c3* D2 D3%-2c12¢c3*D2* D32+ c1* c3* D2* D32 + 4 D13 D3° -
4¢c12D1%3D3%-32c22D1%D3%+20 c12¢c2?2D13D3%+52c2* D13 D3%-28 c1%?c2* D13 D33 -

24 ¢c2°D13D3%+12¢1%2c2°D1%D3%+24¢c1c2¢c3D13D3%-4c13c2c3D1°D33-

48 c1c2%c3D13D3%+8c1%c2®c3D1®D3%+24¢c1c2®°c3D13D3%-4c1%c2°c3D13D3%-
4c32D13D3%-4¢c12c3%2D13D3%+20 c2?2¢c32D13D3%-28c2* c32D13 D33+

12 c1? c2* ¢32D13D3% + 12 c2% 32 D13 D3% - 8 c1? c2° c32D1°D3%* - 4 c1 c2 c3®D1® D33 +
8cl1c2®c33D13D3%-4c1c2°c3°D13D3%-4D12D2D3%+16c1?D12D2D3%-

12 c1*D1%2D2 D33 + 8 c22 D12 D2 D3% - 56 c1? c22 D12 D2 D33 + 32 c1* 22 D1° D2 D33 -
4c2*D1%2D2D3% + 40 c12c2* D12 D2D3%-20 c1* c2*D12D2D3%-12 c1c2 c3D1?D2D33+

44 ¢c13c2c3D12D2D3%+32clc2®c3D12D2D3%-48c1%c2%®c3D12D2D3%-

20 c1c2°c3D1?2D2D3%+4c1%c2°c3D12D2D3%+4¢32D1%2D2D3%-12c1?c32D12D2D3% -

8 c1*c3?D12D2D3%+8¢c22¢c3%D1?D2D3%-24 c1* c2? c32D1%2D2D3% - 12 c2* 32 D1? D2 D33 +
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12 c12¢c2*c32D12D2D3%+ 32 c1? c2* c32D1? D2 D3%* -8 cl c2 c3°D1%2D2 D33 +

24 c1®c2c33D12D2D3%-8c1c23c3°D12D2D3%-8c1%c2%c3®D12D2D33% +

16 c1c2°¢c3°D12D2D3%-16 ¢c1%c2®c3°D12D2D3% -4 D1 D22D3%+8¢c1?2D1D2%D3% -
4¢c1*D1D22D3%+16 c22D1D22D3%-56 c1? c2? D1 D2% D3 + 40 c1* c2? D1 D22 D3° -

12 c2*D1D22D3%+32¢c12¢c2* D1 D2%2D3%-20 c1* c2*D1D22D3%-12clc2c3D1D22D3%+
32¢c1®c2c3D1D22D3%-20¢c1%c2c3D1D22D3%+44 c1c2®c3D1D2%2D33-

48 c1® c2®c3D1D22D3%+4 c1°c2®c3D1D22D3%+4¢c32D1D22D3%+8c1?c32D1D22D3% -

12 c1* 32 D1 D22 D3%-12¢c2%¢c3?D1 D22 D33+ 12 c1? c22¢32D1 D22 D3% -8 c2* c32D1 D22 D33 -
24 c1? c2* c3?2D1D2%2D3%+32c1% c2* c32D1D22D3%-8cl c2c33D1D22D3%-
8c1%c2¢c3®D1D22D3%+16¢c1%c2c3®D1D22D3%+24 c1c2®c3®D1D22D33% -
8c1®c2®c3°D1D22D3%-16c1°c2®c3°D1D22D3%+4D23D3%-32c1%D23D3%+52c1* D23 D33 -
24 c1%D23D3%-4c22D23D3%+20 c12c22D2°D3%-28c1*c2?2D23D3%+12c1%c22D23 D33+
24clc2c3D23D3%-48c13c2c3D23D3%+24¢c1%°c2c3D2°D3%-4c1c23c3D23D3%+

8 c1®c2®c3D2°D3%-4c1%c2®c3D23D3%-4c32D23D3%+20c1%2c3?D23D33 -

28 c1?c32D23D3%+12¢c1%c32D23D3% -4 ¢c22¢32D23D3%+ 12 c1% c22 32 D23 D3% -
8c1®°c22c32D23D3%-4c1c2c3°D23D3%+8c1%c2c3°D2°D3%-4c1%°c2c3°D23D33-

D12 D3%+ c1*D1%2 D3% + 18 c22 D12 D3* - 12 c12 2?2 D12 D3* -2 c1* c22 D12 D3* -
33¢2*D12D3%+24 c12 c2*D1%2 D3* + c1* c2* D12 D3* + 16 c2° D12 D3* - 12 c1% c2° D12 D3* -

16 c1c2c3D1?D3*+8c13c2¢3D12D3*+32c1c2®c3D1?D3*-16c13c2c3D12D3% -

16 c1c2®c3D12D3%+8c1%c2®c3D1%2D3%+2¢c32D1%2D3% +2 c12¢3%2D12D3* -

8 c22 ¢c32D12D3* + 10 c2* ¢32 D12 D3* - 6 c1? c2% ¢32 D12 D3% - 4 c2° 32 D12 D3* +
4c12¢c2°c3?D12D3*+6D1D2D3%-12¢c1?°D1D2D3*+6 c1*D1D2D3*- 12 c2?D1D2D3* +

40 c1? c22D1D2 D3*-28 c1* c2?2D1 D2 D3*+ 6 c2* D1 D2 D3* - 28 c1? c2* D1 D2 D3* +

22 c1*c2*D1D2D3*+8clc2c3D1D2D3%-28c1®c2c3D1D2D3*+20c1%c2c3D1D2D3%-
28 c1c2®c3D1D2D3*+48c1®c2®c3D1D2D3%-20c1®c2®c3D1D2D3%+

20 clc2®c3D1D2D3%*-20c1%®c2°c3D1D2D3*-8c32D1D2D3%+12c1%c3?D1D2D3*-
4c1*c32D1D2D3*+12¢c22¢c32D1D2D3%-12c1% c22¢c32D1D2D3% -4 c2* c32D1D2D3* -

12 c12c2% ¢c32D1 D2 D3* + 16 c1* c2* ¢32 D1 D2 D3* - D22 D3% + 18 c12 D22 D3* - 33 c1* D22 D3* +
16 c1° D22 D3% - 12 c1? c22 D22 D3% + 24 c1* c2? D22 D3* - 12 ¢1° 22 D22 D3* + c2* D22 D3* -
2c1?c2*D22D3* + c1* c2* D22 D3* - 16 c1 c2c3D22D3* +32 c1® c2 c3 D22 D3* -

16 c1°c2c3D22D3%+8clc2®c3D22D3*-16c1®c2%c3D22D3*+8c1®c2®c3D22D3%+
2¢c32D2%D3*-8¢c1%2¢c32D2%D3*+10 c1* c32 D22 D3% - 4 c1° c32 D22 D3* + 2 c2? c32 D22 D3* -

6 cl* c2?c32D22D3%+4¢c1%¢c2%2¢c32D22D3*-2D1D3%°+4c1?D1D3°-2c1*D1D3° -
4¢12¢c2?2D1D3%°+4c1*c22D1D3%°+6c2*D1D3°-4c1?2c2*D1D3%°-2c1*c2*D1D3%-
4c2°D1D3%°+4¢12c2°D1D3°+4¢c1c2c3D1D3°-4c13c2¢3D1D3%°-8clc2®c3D1D3%+
8c1®c2®c3D1D3%°+4c1c2°c3D1D3°-4c1%c2°c3D1D3°-2D2D3%+6c1*D2D3°-
4c1°D2D3°+4¢c22D2D3°-4c1?c22D2D3%°-4c1*c2?D2D3%+4c1%c22D2D3°-2c2*D2D3% +
4c1%c2*D2D3°-2¢c1%c2*D2D3%°+4c1c2c3D2D3°-8c1®c2c3D2D3%+4cl®c2c3D2D3’-
4c1c23c3D2D3%+8c13c2%c3D2D3%°-4c¢1%c2%c3D2D3%+D3%-2c12D3°+
c1*D3°-2¢c2°D3%+ 4 1% c2?D3% - 2 c1* c2% D3° + c2? D3° - 2 c1? c2* D3° + c1* c2* D3°)
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ni3s3l= quarticDiscriminanto =

Factor [quart'icD'i scriminant / (16 777216 (-1+c1®+c2®-2clc2c3 +c3?) 2

(c12 Dl1+c2?D1-2clc2c3Dl-cl?2D2-¢c22D2+2clc2c3D2+cl?D3-c2? D3)2
(c12 Dl1-2clc2c3D1+¢c32D1+c1?2D2-c3%2D2-c1?D3+2clc2c3D3-c3? |)3)2
(-c2?D1+¢32D1-c2?D2+2clc2c3D2-c32D2+c2?D3-2clc2c3 D3 +c32 D3)2) ]

oupssa= D1® -2 c22D1®+c2?D1%-2¢3%2D1%+4 c22¢c3%D1%-2c2* 3?2 D1%+ c3*D1®°-2c22 c3*D1% +
c2%c3*D1°-2D1°D2+4¢c2?2D1°D2-2¢c2*D1°D2+4clc2c3D1°D2-4clc2®c3D1°D2-
4c2%2c32D1°D2+4c2*c32D1°D2-8c1c2c3*D1°D2+8clc2®c3®D1°D2+6c3*D1°D2 -
4c22¢3*D1°D2-2c2%c3*D1°D2+4c1c2c3°D1°D2-4clc2®c3°D1°D2-4c3%°D1°D2+
4c22¢3°D1°D2-D1%D22+2¢c1%2D1* D22 +2 c1%2c2?2D1* D22 + c2* D1* D22 -16 cl c2 c3D1* D22 +
8c1c2®c3D1%D22+18c32D1*D2%2-8c1?¢32D1%D22-12c2?¢c32D1%D22-2c2*c3%2D1% D22+
32 clc2c3®°D1*D2%-16 c1c2®c3®D1*D22-33¢c3*D1*D2% + 10 c1%2 c3* D1* D22 +
24 c22 c3*D1* D22 - 6 c1? c2? c3* D1* D2% + c2* c3* D1* D22 - 16 c1 c2 c3° D1* D2?% +
8 clc2®c3°D1%D22+16c3°D1*D2%2 -4 c1? c3°D1% D22 - 12 c2?2 c3°D1* D22 +
4c1?c22c3°D1% D22 +4D1°D2%-4c1?2D1%D2°% -4 c22D13D2% - 4 c1?2 c2?2 D13 D23 +
24c1c2c3D13D2%-4c13c2c3D1®D2%-4c1c2®c3D13D23-32c32D1%D23+
20 c1?c32D13D2%+20 c22¢c32D13D2%-48c1c2c3®D13D23+8c13c2c3® D13 D23+
8clc2®c3®D13D2%+52c3*D1%D2%-28¢c12¢c3*D13D2%-28c22¢c3*D13D2% +
12 c12¢c2?2c3*D1° D23 + 24 c1c2¢3°D13D2% -4 c1®c2c3° D13 D23 -4 c1c2®c3° D13 D23 -

24 c3%°D13 D23 +12¢c12c3%°D13 D23+ 12 c22¢3°D13D2% -8 c1% 2?2 c3%°D13 D23 -D12D2% +
c1*D12D2* +2 22 D12 D2* + 2 c1?2 c22 D12 D2%* - 16 c1 c2¢c3D12D2* + 8 c1® c2 c3 D12 D2*% +

18 ¢3?2D1%2D2* - 12 c1? ¢32D1? D2% - 2 c1* c32 D12 D2* - 8 2% 32 D12 D2* + 32 c1 c2 c3* D12 D2* -
16 c1®c2 c3°D1%2D2%-33¢3* D12 D2* + 24 c1? ¢3* D1% D2* + c1* c3* D12 D2* +

10 c22¢3* D12 D2* -6 c1%2c2? c3* D12 D2* - 16 c1 c2 c3° D12 D2* + 8 c1® c2 ¢3° D12 D2* +

16 ¢3°D1%2D2% - 12 c1? ¢c3°D12D2% - 4 c22 ¢3° D12 D2* + 4 c12 c22 c3°D12D2% -2 D1 D2°% +
4¢c12D1D2°-2c1*D1D2°+4c1c2c3D1D2°-4c1%c2c3D1D2°-4c1?c3?2D1D2°%+
4c1*c3?D1D2°-8clc2c3°D1D2°+8c1c2c3°D1D2°%+6¢3*D1D2°-4c1?c3*D1D2°-
2c1*c3*D1D2°+4cl1c2c3°D1D2°-4c1%c2c3°D1D2°-4¢3°D1D2%+4c1?c3°D1D2%+
D2%-2¢12D2%+¢c1%D2%-2¢32D2%+4c1?c32D2°-2c1%c32D2%+c3*D2%-2c1%2c3*D2%+
c1*c3*D2°-2D1°D3+6c2°D1°D3-4c2°D1°D3+4clc2c3D1°D3-8clc2®c3D1°D3+
4c1c2°c3D1°D3+4c3%D1°D3-4c22c32D1°D3-4¢c2*c3?2D1°D3 +4c2%c32D1°D3 -
4c1c2c3®D1°D3+8c1c2%¢3®D1°D3-4c1c2%¢3®D1°D3-2c3*D1°D3 +4 c2?2¢3*D1°D3 -
2c2*c3*D1°D3+6D1*D2D3-8¢c1?2D1*D2D3-12¢c2%2D1*D2D3 +12 c1?c2?D1* D2 D3 +
6c2*D1*D2D3-4c12c2*D1*D2D3+8¢clc2c3D1*D2D3-28clc2®c3D1*D2D3+

20 clc2®c3D1*D2D3-12¢32D1*D2D3 +12c1?c32D1* D2 D3 + 40 c22¢c32D1* D2 D3 -

28 c2% ¢32D1*D2D3 -12c1? c2* ¢c32D1*D2D3-28c1c2c3®D1*D2D3+48 clc2®c3®D1*D2D3 -
20clc2’c3*D1*D2D3+6c3*D1*D2D3-4c1%c3*D1*D2D3-28c22¢3*D1*D2D3 -

12 c12¢c2%c3*D1* D2 D3 +22 c2* ¢3*D1* D2 D3 + 16 c1? c2* ¢3* D1* D2 D3 + 20 c1 c2 ¢3° D1* D2 D3 -
20clc2®c3°D1*D2D3-4D13D22D3 +4c1?2D1°D2%2D3 + 16 c22D1° D22 D3 -

12 c1? c22 D13 D22 D3 -12 c2* D13 D22 D3 -8 c1%2c2* D1 D22 D3 -12 c1 c2 c3 D13 D22 D3 -
8c1®c2c3D13D22D3+44 c1c23c3D1°D22D3+24c1%c2®c3D1°D22D3+8¢32D13D2°D3 +

8 c12¢c32D1°D22D3-56¢c22¢c32D13 D22 D3 +32c2*c32D13D22D3 - 24 c1? c2* c32D1% D22 D3 +
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32c1c2c3°D13D22D3-8c1%c2c3*D13D22D3-48c1c23c3®D13D22D3-
8c1®c23c3°D13D22D3-4c3*D13D22D3-12c1? c3* D13 D22 D3 + 40 c22? c3* D13 D22 D3 +

12 c12c2%2 c3*D1° D22 D3 -20 c2* c3*D1% D22 D3 + 32 c1? c2* c3* D1% D22 D3 -

20 cl1c2c3°D13D2%2D3+16 c1®c2c3°D13D2%2D3 +4 c1c2®c3°D1®D22D3 -

16 c1®c2®c3°D1°D22D3-4D12D23D3+16¢c12D12D23D3-12c1*D12D23 D3 +4 c22D1° D23 D3 -
12 c12¢2%2D12D2°D3-8c1*c22D1%2D23D3-12¢c1c2c3D12D23D3+44 c1®c2c3D12D23D3 -
8cl1c2®c3D12D23D3+24c13c2%c3D1?D2°D3+8¢32D1%2D23D3-56c1%2¢32D12D2°D3+

32 c1?c32D1%2 D23 D3 +8¢c2? ¢c32D1%2 D23 D3 -24 c1* 2?2 c3? D12 D23 D3+ 32 cl c2c3°D12D23 D3 -
48 c13c2c3*D1?D23D3-8c1c2®c3°D12D23D3-8c1®c2c3®D1%2D23D3 -

4 ¢c3*D1%2 D23 D3 + 40 c12 ¢3* D12 D2° D3 - 20 c1* c3* D12 D2 D3 - 12 c22 c3* D12 D23 D3 +

12 c1? c2?2 c3* D12 D23 D3 + 32 c1* c22 c3* D12 D23 D3 -20 c1 c2 c3° D12 D23 D3 +
4c1®c2c3°D1%2D23D3+16 c1c2®c3°D12D23D3-16 c1®c2®c3°D12D23D3+6D1D2%D3 -

12 c12D1D2*D3 +6¢c1*D1D2% D3 -8¢c22D1D2*D3 +12 c1?¢c22D1D2*D3 -4 c1*c22D1D2*D3 +
8clc2c3D1D2*D3-28¢c1%¢c2¢c3D1D2*D3+20c1®c2c3D1D2%D3-12c32D1D2*D3+

40 c12c3?D1D2*D3-28c1*c32D1D2* D3 + 12 c22c3?D1D2* D3 - 12 c1* c2? c32 D1 D2* D3 -

28 clc2c3°D1D2*D3+48c1®c2c33D1D2*D3-20c1%c2c3*D1D2*D3+6c¢3*D1D2*D3-

28 c1?¢c3*D1D2* D3 +22 c1* c3* D1 D2* D3 -4 c22 c3*D1D2% D3 - 12 c1%2 c2? c3* D1 D2* D3 +

16 c1* c2%2 ¢c3*D1D2* D3 +20 clc2c3°D1D2*D3-20c13c2¢3°D1D2*D3-2D2°D3 +
6c1*D2°D3-4c1°D2°D3+4clc2c3D2°D3-8c1®c2c3D2°D3+4cl1®°c2c3D2°D3+
4c32D2°D3-4c1%2c32D2°D3-4¢c1*c32D2°D3+4c1%c32D2°D3-4clc2c3®D2°D3+
8c1®c2c33D2°D3-4c1%°c2¢3%D2°D3-2¢c3*D2°D3 +4c1?¢3*D2°D3-2c1*c3*D2°D3 -
D1%D3%+2¢c1?2D1*D3? + 18 c22 D1* D3? - 8 c1? c22 D1* D32 - 33 c2* D1* D3? + 10 c1%? c2* D1* D32 +
16 c2°D1*D3% -4 ¢c12¢c2°D1*D3%-16clc2c3D1*D3%+32clc2®c3D1*D3%-

16 c1c2®c3D1*D3%+2c12¢3?2D1%D32-12c22¢32D1* D32+ 24 c2* c32D1% D32 -

6 c1? c2* c32D1*D3%2-12¢2%°c32D1*D3%2 +4 c1? c2°¢32D1* D32+ 8 clc2c3®D1* D32 -

16 c1c2®c3°D1*D3% + 8¢l c2®c33D1*D3% +c3?D1*D3% -2 c2? c3* D1% D32 + c2* ¢3* D1* D32 -
4D1°D2D3%2+4¢c12D13D2D3%+8¢c22D13D2D32+8c1%c2?D1°D2D3% -4 c2* D13 D2 D32 -

12 c12¢c2*D13D2D3%-12¢c1¢c2c3D1°D2D32-8c1%c2¢3D13D2D3%+32clc2®c3D13D2D32-
8c1®c2®c3D1°D2D3%-20clc2°c3D1®D2D3%+16c1®c2°c3D1®D2D3%+16c3%D1%D2D3? -
12 c12¢3%2 D13 D2 D3% - 56 c2% ¢3? D13 D2 D32 + 40 c2? ¢32 D13 D2 D3% + 12 c1%? c2* c3° D13 D2 D32 -+
44 c1c2c33D1°D2D32+24c1®c2c3°D1°D2D32-48clc2®c33D13D2D32-
8c13c23c3®Dp1%D2D3%2+4 cl1c2%¢3®D13D2D3%-16c13c2°c3®D13D2 D32 -

12 ¢3*D1°D2D3% -8 c1? ¢3*D1° D2 D3?% + 32 c22 c3* D1® D2 D3? - 24 c1? c2? c3* D13 D2 D3% -

20 c2* c3* D13 D2 D3% +32 c12 c2* c3* D13 D2 D32+ 16 D12 D22 D3% - 32 c1%2 D12 D22 D3?% +

22 c1* D12 D22 D3%-32¢c22 D12 D22 D3% + 78 c1%2 c22 D12 D22 D3% - 22 c1% c22 D12 D22 D32 +

22 c2% D12 D22 D3%-22c1? c2* D12 D22 D3% -8 c1* c2* D12 D22 D3% + 56 c1 c2 c3 D12 D22 D32 -
104 c1® c2 ¢3 D12 D22 D3% - 104 c1 c2® c3D1% D22 D32+ 88 c1® c23 c3 D12 D22 D3? -
32¢32D12D2%2D3%+ 78 c1? ¢c32D1%2 D22 D32 - 22 c1* c32D1%2 D22 D32 + 78 c22? c32D1% D22 D32 -

84 c1? c22 ¢32 D12 D22 D3?% + 54 c1* 22 ¢32 D12 D22 D32 - 22 c2* c32D1%2 D22 D32 +

54 c1? c2* ¢32 D12 D22 D3? - 8 c1* c2* ¢3? D1% D22 D3? - 104 c1 c2 c3* D12 D22 D3? +

88 c1®c2c3°D12D2%D3%+88 c1c23c3®D1?D22D3%-136 c1® c2® c3®D1? D22 D3?% +

22 ¢c3*D12D2%2D3%-22c1?c3* D12 D22 D32 -8 c1* c3* D12 D22 D32 - 22 c2% c3* D12 D22 D32 +

54 c1? c22 ¢3* D12 D22 D3% - 8 c1? c2? ¢3* D12 D22 D3% - 8 c2* ¢3* D12 D22 D32 -

8 c1?c2*c3* D12 D22 D3%+ 16 c1? c2* ¢3* D12 D22 D32 -4 D1 D23 D3% + 8 c1? D1 D23 D32 -
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4c1*D1D2°D3%+4c22D1D23D3%+8c12c2?2D1D2®D3%-12c1%c2?D1D23D3%-

12 c1c2c3D1D2°D3%+32c13c2¢3D1D23D3%-20cl1®c2c3D1D23D3%2-
8c1c2®c3D1D2°D3%2-8¢c1%c23c3D1D23D32+16c1°c2%c3D1D23D3%+16c32D1D23D32-
56 c1? c32 D1 D23 D32 + 40 c1* ¢32 D1 D23 D3% - 12 c22 ¢3? D1 D23 D32 + 12 c1* c2? 32 D1 D2° D3? +
44 c1c2c3°D1D23D32-48c13c2c3°D1D23D3%+4c1%c2c33D1D23D3%+

24 c1c2®c33D1D23D3%-8c1%c2%c3°D1D23D32-16c1®c23c3®D1D23D32%-

12 ¢3*D1D2%D3%2+32 c12¢3* D1 D23 D3%-20 c1* c3* D1 D23 D32 -8 ¢c2% c3* D1 D23 D32 -

24 c1? c22 ¢3* D1 D23 D3% + 32 c1* c2? ¢3* D1 D23 D3% - D2* D32+ 18 c1? D2* D3% - 33 c1* D2* D32 +
16 c1°D2% D32 +2 c22D2* D32 -8c12¢c2%2D2* D32+ 10 c1* c22D2* D3? - 4 c1° c22 D2* D32 -

16 c1c2c3D2%D32+32c1%c2c3D2%D3%-16c1%c2c3D2*D3%2-12c1%2c32D2*D3%+

24 c1% c32D2%D3%-12¢1%¢32D2* D32+ 2 c2? c3? D2 D3? -6 c1* c2? c32D2* D32 +
4¢c1°c2%c3?D2*D3%+8clc2c3%D2*D3%-16c1®c2c33D2*D3%+8¢c1°c2c33D2% D3+
c3*D2%D32-2c1%c3*D2*D3% + c1* c3*D2* D32+ 4 D1°D3% -4 c12 D1°D3%-32 c22 D13 D33 +

20 c1?c22Dp13D3%+52 c2* D13 D3%-28 c12 c2* D13 D3%-24 c2°D1%3D3% + 12 c1?2 c2° D13 D33 +
24c1c2c3D1°D3%-4c13c2c3D13D3%-48c1c2%c3D13D3%+8c13c2®c3D1®D3%+

24 c1c2®c3D1®D3%°-4¢c1%¢c2°c3D13D3%°-4¢32D13D3%-4¢c12c32D13D3%+20c2?c32D1%D33 -
28 c2* ¢c32D13D3% + 12 c12¢c2* ¢c32D13D3% + 12 ¢2°¢32 D13 D3% -8 c12 c2° ¢32 D13 D3° -
4c1c2c3®D13D3%+8¢c1c2%c3°D13D3%-4c1c2°c3°D1%D3%-4D12D2D3%+16c1?D12D2D3° -
12 c1* D12 D2 D33 + 8 ¢c22 D12 D2 D3 - 56 c1? c22D1%2 D2 D33 + 32 c1* 22 D1° D2 D33 -
4c2*D1%2D2D3% + 40 c12 c2* D12 D2D3%-20 c1* c2*D12D2D3%-12 c1 c2 c3D1? D2 D33+

44 ¢c13c2c3D12D2D3%+32clc2®c3D12D2D3%-48c1%c2%c3D12D2D3%-

20 c1c2°c3D1?2D2D3%+4c1%c2°c3D12D2D3%+4¢32D1%2D2D3%-12c1%c32D12D2D3% -

8 c1* c3?D12D2D3%+8¢c22¢c3%D1? D2 D3%-24 c1* c2? c32D1%2D2D3% - 12 c2* 32 D1? D2 D33 +
12 c1? c2* ¢3?D1? D2 D33 + 32 c1* c2* ¢3?D1? D2 D3* -8 c1 c2 c3* D12 D2 D33 +

24 c1®c2c33D12D2D3%-8c1c2%c3°D12D2D3%-8c1%c2%c3®D12D2D33% +

16 c1c2°c3°D12D2D3%-16 c1®c2® c3°D12D2D3% -4 D1 D22 D33+ 8 c1? D1 D2%D3° -
4¢c1*D1D22D3%+16 c22D1D22D3%-56 c12 c2?2 D1 D2% D3+ 40 c1* c22 D1 D22 D3° -

12 c2*D1D22D3%+32¢c12¢c2* D1 D22 D3%-20 c1* c2*D1D22D3%-12clc2c3D1D22D3%+

32 ¢c1®c2¢c3D1D2%D3%-20 c1° c2 c3D1D2?D3%+44 cl1c2®c3D1D22D3° -

48 c1®c2%c3D1D2%2D3%+4¢c1° c2®c3D1D22D3%+4¢c32D1D2%2D3%+8c1?c32D1D22D33-

12 c1*¢32D1D22D3%-12¢c2%2¢c32D1D22D3%+ 12 c1? c22¢32D1 D22 D33 -8 c2* c32D1 D22 D33 -
24 c1? c2* ¢32D1 D22 D3% + 32 c1* c2% ¢32D1D22D3% -8 cl c2 c3°D1D22D3% -
8c1®c2c3®D1D22D3%+16c1°c2c3®D1D22D3%+24 c1c2®c3®D1D22D3° -
8c1®c23c3°D1D22D3%-16c1°c2®c3°D1D22D3%+4D23D3%-32c1%2D23D3%3+52c1*D23D33-
24 c1%D23D3%-4¢c22D23D3% +20 c12c22D2%D3%-28c1*c22D23D3%+ 12 c1%c22 D23 D33+

24 clc2c3D23D3%-48c13c2c3D23D3%+24c1%°c2¢3D23D3%-4c1c2%c3D2°D3%+
8c1®c2®c3D23D3%-4¢c1°c2®c3D23D3%-4c32D23D3%+20c1?c32D23D3%-28c1%c3?D2°D3%+
12 c1°¢32D23D3%-4¢c2%2¢c32D2%D3% +12 c1* 2?2 c32 D23 D3% -8 1% c22 32 D23 D33 -
4c1c2c3®D23D3%+8¢c1%c2c3°D23D3%-4¢c1%¢c2c3°D22D3%-D12D3% +c1*D12D3*+

18 ¢22D1%2D3*-12 c1? c22D1?D3* - 2 c1* c22 D12 D3* - 33 c2* D12 D3* + 24 c1? c2* D12 D3* +

c1* c2* D12 D3* + 16 c2° D12 D3* - 12 c1? c2°D1%2D3* - 16 c1 c2 c3D12D3* + 8 c1® c2 c3D1%2D3* +
32 cl1c2®c3D12D3*-16c13c2®c3D1?2D3*-16 clc2®c3D1%2D3%+8c1%c2®c3D1%2D3*+
2¢32D12D3*+2¢1%2¢c32D12D3* -8 22 ¢32D12D3% + 10 c2* ¢c32D12D3% - 6 c1? c2* ¢32 D12 D3* -
4¢c2°¢32D1°D3*+4 c1?2c2%c32D1%D3*+6D1D2D3*-12c12D1D2D3% + 6 c1* D1 D2 D3* -
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12 c22D1 D2 D3* + 40 c1? c2? D1 D2 D3* - 28 c1* c2?2 D1 D2 D3* + 6 c2* D1 D2 D3* -

28 c1?c2*D1D2D3%*+22c1%*c2*D1D2D3*+8clc2c3D1D2D3*-28c1%c2c3D1D2D3*+

20 c1%c2c3D1D2D3*-28c1c2%c3D1D2D3%+48cl1®c2®c3D1D2D3*-20c1%c23c3D1D2D3%+
20 c1c2®°c3D1D2D3*-20c1®c2®c3D1D2D3%-8c32D1D2D3*+12c1?c32D1D2D3*%-
4c1*c32D1D2D3%+12¢c2?¢c32D1D2D3%-12c1% c2? c32D1D2D3* -4 c2* c32D1 D2 D3* -

12 c12¢2%c32D1D2D3* + 16 c1* c2* ¢32 D1 D2 D3* - D22 D3* + 18 c12 D22 D3* - 33 c1* D22 D3* +

16 c1° D22 D3% - 12 c1? c22 D22 D3* + 24 c1* c22 D22 D3* - 12 ¢1° 22 D22 D3* + c2% D22 D3* -
2c12c2*D22D3* + c1* c2* D22 D3% - 16 c1 c2 c3D22D3* +32 c1® c2 c3 D22 D3* -

16 c1°c2¢c3D22D3%+8cl1c2®c3D22D3*-16c1®c2%c3D22D3*+8c1%c2%c3D22D3%+
2¢32D22D3*-8c1%2¢c32D22D3% + 10 c1* ¢32 D22 D3* - 4 c1°® c32 D22 D3* + 2 c22 c32 D22 D3* -

6 c1? c2?c32D2?D3% + 4 c1°c2?c32D22D3*-2D1D3°+4¢c1?D1D3°-2c1*D1D3° -
4¢c12c2?D1D3%°+4c1%c22D1D3%°+6c2*D1D3°-4c1?c2*D1D3%-2c1*c2*D1D3°-
4c2°D1D3%°+4¢c12c2°D1D3°+4¢c1c2c3D1D3°-4c13c2¢3D1D3°-8cl1c2®c3D1D3%+
8c13c23c3D1D3%°+4c1c2°¢c3D1D3%°-4¢c1%¢c2°c3D1D3°-2D2D3%+6c1*D2D3°-
4c1°D2D3°+4¢c22D2D3%-4c1%c22D2D3%-4c1*c22D2D3°%+4 c1®c22D2D3° -
2c2*D2D3°+4c1%c2*D2D3°-2¢c1*c2*D2D3%°+4clc2c3D2D3°-8c1®c2c3D2D3%+
4c15¢c2c3D2D3°-4c1c2%c3D2D3%+8c1%c23¢c3D2D3%-4c1%°c2®c3D2D3%+D3°-
2¢12D3%+¢c1*D3%-2¢22D3%+4¢c12¢c22D3%-2c1%c22D3%+c2*D3% -2 12 c2* D3% + c1* c2* D3°®

nias4y= Factor [CoefficientList[quarticDiscriminant®, {c3, c2, cl}]]
oussa- {{{(D1-D2-D3)* (D1+D2-D3)* (D1-D2+D3)?, 0,
2 (D1+D2-D3) (D1-D2+D3) (D1?D2%-2D1D2°+D2*-4D1?D2 D3 +2D1D2%D3 +
2D2°D3 +D1?D3% + 2 D1 D2 D3 - 6 D2° D3% - 2 D1 D3° + 2 D2 D3° + D3%), 0,
(D2 -D3)? (D1? D2% - 2 D1 D2° + D2* - 10 D1% D2 D3 + 2 D1 D2% D3 + 8 D2° D3 + D1% D3% +
2D1D2D3%-18D2%D3? - 2D1D3%+8D2D3%+D3*), 0, -4 D2 (D2-D3)* D3},
{0,0,0,0,0,0,0}, {-2(D1-D2-D3) (D1+D2-D3) (D1*-2D1°D2+D1?D2?+2D1°D3 +
2D1? D2 D3 -4 D1D2° D3 - 6 D17 D3? + 2 D1 D2 D3% + D2 D3% + 2 D1 D3* - 2 D2 D3* + D3*) , 0,
2 (D1*D2? - 2D1% D2% + D17 D2* + 6 D1* D2 D3 - 6 D1° D2° D3 - 6 D1? D2° D3 + 6 D1 D2* D3 - 4 D1*
D32 + 4 D13 D2 D3% + 39 D12 D22 D3% + 4 D1 D23 D3? - 4 D2* D3% + 10 D13 D3® - 28 D12 D2 D3* -
28 D1 D2? D3° + 10 D2° D3® - 6 D1? D3* + 20 D1 D2 D3* - 6 D2? D3* - 2 D1 D3° - 2 D2 D3° + 2 D3°)
-2 (D2-D3) D3 (4 D1?D2?+2D1D2°+ 15D1? D2 D3 + 8 D1 D2° D3 - 5 D2° D3 -
D1% D3? - 12 D1 D2 D3? + 9 D2? D3% + 2 D1 D3° -3 D2 D3° - D3%), 0, -4 D2 (D2 - D3)° D3?},
{0, 0,0,0,0,0,0}, {(D1-D3)? (D1*-2D1°D2 +D1*D2? + 8 D1° D3 + 2 D1° D2 D3 -
10 D1 D2 D3 - 18 D1? D3? + 2 D1 D2 D3% + D2% D3% + 8 D1 D3® - 2 D2 D3% + D3%) ,
0, -2 (D1-D3) D3 (2D1°D2+4 D1?D2° - 5D1% D3 + 8 D1” D2 D3 + 15 D1 D2° D3 +
9 D1% D3? - 12 D1 D2 D3? - D2? D3? - 3 D1 D3% + 2 D2 D3° - D3%),
0, -D3? (8 D1? D2% + 20 D1% D2 D3 + 20 D1 D2? D3 - D1? D3% - 22 D1 D2 D3* -
D2? D3 + 2 D1 D3%+ 2 D2 D3*-D3%), @, 0},
{0,0,0,0,0,0,0}, {-4D1 (D1-D3)*D3, 0, -4D1 (D1-D3)°D3%, 0, 0, 0, 0}},
{{0,0,0,0,0,0, 0},
{0, 4 (D1° D2 - 4 D1* D2? + 6 D1° D2° - 4 D1? D2* + D1 D2° + D1° D3 + 2 D1* D2 D3 -

(o)
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3D1°D2%D3-3D12D23D3+2D1D2* D3 +D2° D3 -4D1*D3%-3D13D2D3% +
14 D12 D2% D32 -3 D1 D23 D3% - 4D2* D32 +6D1°D3% -3 D12 D2 D3%-3D1D22D3%+
6 D2° D3% - 4 D17 D3* + 2 D1 D2 D3* - 4 D2 D3* + D1 D3° + D2 D3°) , O,

-4 (p1®D2° - 2D1? D2* + D1 D2° + 2 D1% D2 D3 - 11 D1% D2° D3 + 7 D1 D2* D3 + 2 D2° D3 +
2D1°D2 D3% + 26 D12 D2? D3% - 8 D1 D23 D3? - 8 D2* D3% + D1° D3 - 11 D1% D2 D33 -

8 D1 D2 D3® + 12 D2° D3% - 2 D1? D3* + 7 D1 D2 D3* - 8 D2% D3* + D1 D3° + 2 D2 D3°), O,
4D2 (D2-D3)%D3 (5D1D2+D2%+5D1D3-2D2D3+D3%), 0}, {0,0,0,0,0,0,0},
{0, -4 (D1°D2-2D1*D2? + D1° D2% + 2 D1° D3 + 7 D1* D2 D3 - 11 D1° D2 D3 + 2 D1? D2° D3 -

8D1*D3%-8D13D2D3%+26D12D2%2D3%+2D1D2°D3%+12D1°D3%-8D12D2D3% -
11D1D2° D3* + D2° D3 - 8 D17 D3* + 7 D1 D2 D3* - 2 D2? D3* + 2 D1 D3 + D2 D3%) ,
0, 8D3 (3D1°D2? + 3D1%D2* - D1 D2 D3 + 11 D1 D2° D3 - D1 D2° D3 + D1° D3? -
6 D1% D2 D3? - 6 D1 D2? D3? + D2° D3? - 2 D1? D3% + 6 D1 D2 D3° - 2 D2? D3% + D1 D3* + D2 D3*%) ,
0, 4D2 (D2-D3) D3* (4D1D2+5D1D3-D2D3+D3?), 0}, (0,0, 0,0,0,0,0},
{0, 4D1 (D1-D3)?D3 (D1*+5D1D2-2D1D3+5D2D3+D3?%), 0,
4D1 (D1-D3) D3 (4D1D2-D1D3+5D2D3+D3%),
0, 0,0}, {6,0,0,0,0,0,0}},
{{-2(D1-D2-D3) (D1-D2+D3) (D1*+2D1%>D2-6D1?D2*+2D1D2°>+D2*-2D1°D3 +
2D1%D2 D3 +2D1D2% D3 -2D2° D3 +D1? D3% - 4 D1 D2 D3% + D2° D3?%), 0,
-2 (4D1%D2? - 10 D1° D2° + 6 D17 D2* + 2 D1 D2° - 2 D2° - 6 D1* D2 D3 - 4 D1° D2? D3 +
28 D1% D2° D3 - 20 D1 D2* D3 + 2 D2° D3 - D1* D3% + 6 D1° D2 D3? -
39D1? D22 D3? + 28 D1 D2 D32 + 6 D2* D3? + 2 D1® D3% + 6 D12 D2 D33 -
4D1D2%D3% - 10 D2°D3% - D1° D3* - 6 D1 D2 D3* + 4 D2° D3*), 0,
-2D2 (D2-D3) (D1?D2%-2D1D2%+D2*-15D1%D2 D3 + 12 D1 D2° D3 + 3 D2° D3 -
4 D1%D3% -8 D1 D2 D3? -9 D2? D3* - 2D1D3* + 5D2 D3*), 0, 4 D2* (D2 - D3)° D3},
{0,0,0,0,0,0,0}, {2(2D1°-2D1°D2-6D1%D2%+10D1°D2% -4 D1% D2* -
2D1°D3+20D1%°D2D3-28D13D2%2D3 +4D12D2°D3 +6D1D2*D3-6D1%D3% -
28 D1° D2 D3? + 39 D1? D22 D3 - 6 D1 D23 D3 + D2* D3? + 10 D1° D3% + 4 D12 D2 D3° -
6 D1 D2% D3* - 2 D2° D3° - 4D1° D3* + 6 D1 D2 D3* + D2% D3*), 0, -84 D1° D2? D3?,
0, -6D2D3 (4D1?D2%+2D1D2°-9D1%D2D3 -2 D1D2%D3 +D2° D3 + 4 D1? D37 -
2D1D2D3%-2D2?D3?+2D1D3°+D2D3%), 0, 4D2° (D2 - D3)?D3%},
{0,0,0,0,0,0,0}, {-2D1 (D1-D3) (D1%-2D1°D2+D1?D2%+3D1°D3 +
12 D1? D2 D3 - 15 D1 D2% D3 - 9 D1% D3” - 8 D1 D2 D3 - 4 D2% D3% + 5 D1 D3* - 2 D2 D33},
0, -6D1D3 (2D1°D2+4D1?D2° + D1°D3 - 2D1? D2 D3 - 9 D1 D2° D3 -
2D1%D3% - 2D1D2D3? + 4 D2° D3% + D1 D3% + 2 D2 D3%), 0,
-8D1D2D3% (D1D2-4D1D3-4D2D3-2D3%), 0, 0}, {0,0,0,0,0,0,0},
{4D1? (D1-D3)°D3, 0, 4D1* (D1-D3)?D3%, 0, 0, 0, 0}},
{{0,0,0,0,0,0,0},
{0, -4 (2D1°D2 - 8 D1* D2* + 12 D1° D2° - 8 D1° D2* + 2 D1 D2° + D1° D3 + 7 D1* D2 D3 -
8 D1° D22 D3 - 8 D1% D2 D3 + 7 D1 D2* D3 + D2° D3 - 2 D1* D3? - 11 D1° D2 D3? +
26 D1? D2% D3% - 11 D1 D2° D3% - 2 D2* D3? + D1° D3® + 2 D1 D2 D3® + 2 D1 D2? D3® + D2° D3%) ,
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0, 8 D2 (D1° D2® - 2 D1% D2% + D1 D2* - D1° D2 D3 - 6 D1” D2% D3 + 6 D1 D2° D3 + D2* D3 +
3D1%D3? + 11 D17 D2 D3? - 6 D1 D2% D3” - 2 D2° D3 + 3 D17 D3® - D1 D2 D3* + D2% D3?)
0, -4 D2% (D2-D3) D3 (5D1D2+D2%+4D1D3-D2D3), 0}, {0, 0,0,0,0,0,0},
{0, 8D1 (D1*D2-2D1%D2? +D1? D2% + D1* D3 + 6 D1° D2 D3 - 6 D1? D2? D3 - D1 D2° D3 -
2D1°D3% - 6 D17 D2 D3% + 11 D1 D2? D3% + 3 D2° D3? + D1? D3® - D1 D2 D3° + 3 D2? D3%),
0, -8D1D2D3 (D1? D2 + D1 D2%+ D1 D3 + 17 D1 D2 D3 + D2? D3 + D1 D3* + D2 D3?),
0, -16 D1 D2% D3* (D2 +D3), 0}, {0, 0, 0, 0, 0, O, O},
{0, -4D1? (D1-D3) D3 (D1? +5D1D2-D1D3+4D2D3), 0,
-16D1% D2 D3* (D1+D3), 0, 0, 0}, {06, 0, 0, 0, 0, 0, 0} },
{{(p1-D2)? (D1*+8D1°D2 - 18 D1? D2? + 8 D1 D2% + D2* - 2 D1° D3 +
2 D17 D2 D3 +2 D1 D2° D3 - 2 D2° D3 + D17 D3% - 10 D1 D2 D3? + D2° D3?),
0, 2 (D1-D2) D2 (5D1%D2 -9 D1?D2? + 3 D1 D2%+D2* - 2D1° D3 - 8 D1? D2 D3 +
12 D1 D2% D3 - 2 D2° D3 - 4 D1? D3% - 15 D1 D2 D3* + D2° D3?),
0, D2* (D1? D2? -2 D1 D2% + D2* - 20 D1? D2 D3 + 22 D1 D2° D3 - 2 D2° D3 -
8 D1° D3? - 20 D1 D2 D3? + D2? D3?%), 0, 0}, {0, 0, 0, 0, 0, 0, 0},
{-2D1 (D1-D2) (D1*+3D1%D2-9D1%D2%+5D1D2*-2D1%D3 +12D1%D2D3 -
8 D1 D2° D3 - 2 D2° D3 + D1 D3” - 15 D1 D2 D3” - 4 D2? D3?), O,
-6D1D2 (D1°D2-2D1?D2? +D1D2°+2D1°D3-2D1°D2D3 -2 D1 D2° D3 +
2D2°D3 +4D1?D3% - 9 D1 D2 D3” + 4D2° D3?%), 0,
8D1D2°D3 (4D1D2+2D2*-D1D3+4D2D3), 0, 0}, {0,0,0,0,0,0,0},
{D1? (D1*-2D1%D2 +D1?D2? -2 D1° D3 + 22 D1* D2 D3 -
20 D1 D2? D3 + D17 D3% - 20 D1 D2 D3? - 8 D2% D3?%), 0,
8D1°D2D3 (2D1%+4D1D2+4D1D3-D2D3), 0, 16 D1% D2%D3?, 0, 0},
{0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},
{{0,0,0,0,0,0,0}, {06,4D1 (D1-D2)?D2 (D1*-2D1D2+D2?+5D1D3+5D2D3),
0, -4 D1 (D1-D2) D2? (D1D2-D2*-4D1D3-5D2D3), 0, 0, 0},
{6,0,0,0,0,0,0}, {06, -4D1* (D1-D2) D2 (D1°-D1D2+5D1D3+4D2D3),
0, -16 D1? D2® (D1+D2) D3, 0, 0, 0},
{6,0,0,0,0,0,0}, {0,0,0,0,0,0,0},
{0,0,0,0,0,0,0}},
{{-4D1 (D1-D2)*D2, 0, -4D1 (D1-D2)°D2?%, 0, 0, 0, 0},
{6,0,0,0,0,0,0},
{4D1% (D1-D2)°D2, 0, 4D1* (D1-D2)?D2%, 0, 0, 0, 0},
{6,0,0,0,0,0,0},

{0,0,0,0,0,0,0},
{0,0,0,0,0,0,0},
{0,0,0,0,0,0,0}}]

ni3ssi= Factor [Factor[% /. DRSubs] //. tSubsSp]
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Out[355]=

large output show less show more show all set size limit...

nese= quarticDiscriminant@@ = Factor [UnCoefficientList[ %, {c3, c2, cl}]]

1
- (1+t22)%% (1+132)*?

16384 (t2 - t3)2 | )2 | )2 (-64 t2° + 208 c1? t2° - 225 c1* £2° +
Out[356]=
81 cl1®t2%+ +6cl1®c2c3% t2%° 3%+ ¢3° £21° £3%° - c1? c3° t2'° £3'°)
large output show less show more show all set size limit...

(* Now compute formula in theorem, and compare x)

niss7- deltodid
oupsre ~27+8 (1+R) (-3L%+ (1+R)?) +18 (L2 + (1+R)2) + (L2+ (1+R)2)?
nsss= Factor[Factor [Factor[ deltoid /. {L - LL, R- RR}] //. ySubs] //. ySubs]
1

(-1+c1%+c2%-2 ¢l c2 c3+c3?)*

16 (-27+54cl?-27cl*-4cl®+

+32c22c3* x2x3*y2y3-16cl c2c3® x2 x3*
y2 y3+16 clc2®c3®x2 x3% y2 y3 + 16 ¢3° x2 x3% y2 y3 - 16 c2 c3° x2 x3* y2 y3)

Out[358]=

large output show less show more show all set size limit...

inss9l= Factor [
Factor[Factor[CoefficientList[Numerator[%], {c3, c2, c1}]] //. ySubs] //. ySubs]

(0,0,0,0,0,0,0,0},

’ b

{

1+x2) (1+2x2)% (-x1+x1x2-x3+x2x3-yly2-y2y3),0,0,0,0,0,0}},
| b { b o b o }» {{0,0,0,0,0,0,0,0},
1+x3) (1+2x3)% (-x1-x2+x1x3+x2x3-yly3-y2y3),0,0,0,0,0,0},
{0,0,0,0,0,0,0,0}, {6,0,0,0,0,0,0,0}, {6,0,0,0,0,0,0,0},
{0,0,0,0,0,0, 0,0}, {6,0,0,0,0,0,0, 0}, {6,0,0,0,0,0,0,0}}}

{

out[359]= { -32

}
{0, -32 (-
}
(=

large output show less show more show all set size limit...
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in@eo:= Factor[% //. tSubsSp]

{{{ 4096 (t2-t3)2 (1+t2t3)2 (-1+t22+2t2t3)% (-2 t2-t3+t22 £3)% (-1+2 t2 t3+13%) (-t2-2 t3+t2 t32)?
- b

(1+122)% (1+t3%)°

2048 (t2-t3)2 ( ) ( +13 £2° £38) 0
’ (1+t22)°® (14t3?)° r
Out[360]= 256 ( ) 0 256(t27t3)2(t2+t3)4(37t22—8t2t37t32+3t22t32)4 0}
8 s 27 (1+122)7 (1+132)7 ’ ’
,10,0,0,0,0,0,0,0}}, | H
large output show less show more show all set size limit...

nsei= discriminantGrunert = Factor[UnCoefficientList[% , {c3, c2, cl}]]

256 (-64 12%+208 c1? t2%-225 c14 t2°%+81 c1° t2°+ +6 c1% c2 c3° t2%6 £3%6,¢35 £216 £316_c12 3% 216 £316

out[361]= (1+122)° (1+132)°

large output show less show more show all set size limit...

nze2= quarticDiscriminant@o

1
h (1+t22) %% (1+t3%)*?

16384 (t2-t3)? ( )2 | )? (-64 t2° + 208 c1? t2° - 225 c1* £2° +
Out[362]=
81c1®t2°+ +6cl®c2c3® t2%° 3%+ c3° £21° t3%° - c1? c3° t2'° t3'°)
large output show less show more show all set size limit...

inses= Factor[%% / %]

(1+t22)% (1+t3%)*

out[363]= —

64 (t2-13)% (-2t2-t3+t2213)% (-t2-2t3+t2t32)?

(*
Up to a scalar multiple, the quantity in Theorem 2 ("discriminantGrunert")
equals the "big factor" in the

discriminant of the quartic polynomial (in R1l).
The other factors vanish in the "flat case" (z = 0) and in the "altitude
plane case,”" and these do NOT correspond to repeated solutions to the
Grunert system, only to repeated roots of the quartic polynomial.
Now, what about the degree of the discriminant to Gruenert's system?



In[364]:=

Out[364]=

In[365]:=

Out[365]=

In[366]:=

Out[366]=

In[367]:=

Out[367]=

In[368]:=

Out[368]=

In[369]:=

Out[369]=
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{num, den} = {Numerator [discriminantGrunert], Denominator[discriminantGrunert]}

{256 (-64 t2°+208 c1® t2° - 225 c1* t2° + 81 c1° t2° + 208 c2” t2° -

558 c1? c22? £2° + 459 c1* c22 t2°% - 108 c1° 22 t2° - 225 c2% t2° + &
4c13c23c33 12 £3%% 18 ¢c1% c2% ¢33 1216 t3%% + 3 c22 ¢34 t21° £316 4+

9c12c22c3% 1218 t3% _ 12 c1% c2? c3* t21° t31% - 6 c1 c2 c3° t21% t316 +

6 c1® c2 c3° t21° £316 + ¢3° 21 £316 - c12 36 £210 £3%6) , (1+ )® | )2

large output show less show more show all set size limit...

coeffs = Factor[CoefficientList[num, {c3, c2, cl}]]

large output show less show more show all set size limit...

Length[coeffs]
-

Factor[coeffs[[5]]1[[5]1]1[[5]] / den]

1024 (t2-t3)2 (-2t2-t3+t22t3)° (-t2-2t3 +t2t3?2)?

(1+t22)* (1+3%)°

Factor[Factor[ A2 /. unXYASubs ] //. tSubsSp]

16 (t2-t3)2 (-2t2-t3+t22¢3)° (-t2-2t3+t2t3?%)°

(1+t22)% (1+¢32)°

Factor [%% / %]
-64

(*
coeffs[[5]11[[511[[5]] is the coefficient of cl”4 c2724 c3/4,
which is a degree-12 monomial. No higher degree monomials are
possible since discriminant is a fourth degree polynomial 1in
polynomials that are linear 1in cl72, c2722, c3%2 and cl c2 c3.

*)

(» Lemma 15 Check. =)
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in3701= uvESubs

X = , Y - ,Z%\/Zi,Za— }
1+¢& 1+¢ 2¢

Out[370]=

{ L+ XHE v+YHE (1-x*-y?) (1-¢€)

n371:= unuvESubs

“2Xx+2Xx3 4 XH-x?>XH+2xy2-XHy?2+2x2Z
Out[371]= {u - ’
“1+x%2+y?24272

“2y+2x2y+2y 3+ YH-Xx>YH-y?2YH+2yZ “1+x2+y?
vV > , & }
“1+x%2+y?2+272 “1+x%2+y?2+272

ns72= Factor[{x, y, Z} /. uvESubs]

{u+XH§ v+YHE (—1+x2+y2)(—1+§)}
146 1+e 2¢

out[372]=

ng7s= Factor[{x, y, Z} //. uvE&Subs]

L+XHE vaYHE  (m1+&) (-1 +v?-2E+2XHuE+2YHY £~ &%+ XH? €% + YH? £2)

Out[373]= { P) y = }
1+€ 1+€ 26 (1+&)2

ine7a:= Factor[ % /. unuvESubs ]

oua7al= {X, Yy, Z}
n7si= Factor [ {u, v, €} //. unuvgSubs ]

Out[375]=

)

{-2x+2ﬁ+XH-ﬂXH+2xW_XHW+2xz
“1+x2+y?2422
-2y +2x2y+2y 3+ YH-x2YH-y2YH+2yZ —1+x2%+y?

: }

~1+x%2+y?4272 “1+x2+y?2+272

ne7e= Factor[ % //. uvESubs ]

outa7el= {L, V, &}

(*
Corollary 2 Check.
*)
in771= {LLL, RRR}
(-1+x?+y?) (y+2xy-XHy-YH-xYH) +2 (1+x) yz?
out[377]= { )

ZZ

“(-1+x?+y?) (-x+x?+XH-xXH-y?>+yYH) - (-1+x-y) (-1+x+y) Z*

: J

V4




In[378]:=

out[378]=

In[379]:=

out[379]=

In[380]:=

Out[380]=

In[381]:=

out[381]=

In[382]:=

out[382]=

In[383]:=

out[383]=

In[384]:=

Out[384]=

In[385):=

Out[385]=
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{LLLuvE, RRRuvE} = Factor[% //. uvESubs]

2 (-v-puv+YHE - XHYHE?) 142 -2 +v2+ 2 -2 XH €2 + XH? £2 - YH? &2

{ (-1+6) (1+8) o (-1+&) (1+6) )

(*

Lemma 16 Check.

TYPO IN PAPER - forgot to square denominator 1in proof in paper
*)

Factor[ u”r2 + v~A2 - 1 //. unuvESubs ]
1

(-1+x2+y?)

(—l+x2+y2+22)2

(1-5x%+4x"+4xXH-4x>XH-XH? + X’ XH? -5y* + 8 X’ y* ~4 x XHy? + XH? y* + 4 y* + 4y YH -
4x>yYH-4y> YH-YH? + x> YH? + y? YH? - 47 +8x*Z-4xXHZ+8Yy* Z-4yYHZ +47?)

Factor [
(XA2+yNh2-1) (4 (X*"2+y"r2+Z)"2+4 (L+XHXx+YHY) (1-x"2-y"r2-7) +
(L-XHA2-YHA2) (1-x"2-y7r2)-4)/ (x"2+y"2+2Z-1)"2

1
(—l+x2+y2)

(—l+X2+y2+22)2
(1-5x%+4x" +4xXH-4> XH-XH? + x? XH? -5 y* + 8 x* y* -4 x XHy? + XH? y* + 4 y* + 4 y YH -
4x*yYH-4y> YH-YH? + x> YH? + y* YH? -4 Z +8x* Z-4XXHZ+ 8y’ Z-4yYHZ +4 7?)

Factor [%% - %]
0

long = (1-5x*+4x*+4xXH-4x>XH-XH? + x> XH? -5 y? + 8 x> y? -4 x XHy? + XH? y* + 4 y* +
4yYH-4x>yYH-4y  YH-YH? +x® YH? + y? YH? -4 Z+8Xx*Z-4xXHZ+8y? Z-4yYHZ+4 Z?)
1-5x2+4x*+4xXH-4x3XH-XH? + x> XH* - 5y? + 8 x> y? —4 x XHy? + XH* y?> + 4 y* + 4y YH -

4x>yYH-4y3 YH-YH? + x> YH2 + y? YH? - 427 +8x*Z-4XXHZ+8Yy?Z-4yYHZ+4Z?

Factor[D[ long, Z]]
4 (-1+2x*-xXH+2y? -y YH+27)

Factor[8Z + 8 (X-XH/4)"2+8 (y-YH/4) 2 - (XHA2 + YHA2 +8) /2]
4 (-1+2x*-xXH+2y?-yYH+22Z)

Factor [%% - %]
0
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insss)= Factor[long /. Z - 4]
outasel- 49 + 27 X% + 4 x* - 12 x XH - 4 x> XH - XH? + x? XH? + 27 y? + 8 x? y? -
4XXHY2+XH2y2+4y4—12yYH—4X2yYH—4y3YH—YH2+x2yH2+yZYH2

inss7= Factor[@"2 - @22 - 4% (XHA2 + YH"2 - 1) /. {
& -> 2% ((X - XH/4)A2 + (y - YH/4)72) + (XHA2 + YHA2 + 54) /8,
T -> XH*X + YH*y - (XHA2 + YHA2 + 3) /4
}
ouzerl- 49 + 27 x> + 4 x* —12 x XH-4 x3 XH-XH? + x2 XH? + 27 y? + 8 x® y? -
4xXHYy2+XH?y2 +4y* 12y YH-4x2y YH-4y3 YH - YH? + x? YH? + y? YH?

in3se]= Factor [%% - %]

out[3sgl= O

(*
Lemma 17 Check.

*)

nese)- trigSubs = {

Cos[4¢] » Cos[2¢]72 - Sin[2¢]"2,
Sin[4¢] -» 2Cos[2¢] Sin[2¢],
Cos[2¢] -» Cos[¢]"2 - Sin[d] "2,
Sin[2¢] -» 2Cos[¢] Sin[¢],
Sin[¢]> » 1 - Cos[¢]?,
Sin[¢]® » sin[¢] (1 - Cos[4]?),
Sin[¢]* » (1 - Cos[¢]%) "2,
Sin[¢]° » Sin[¢] (1 - Cos[¢]%)"2,
Sin[¢]® » (1 - Cos[¢]*)"3

}

Out[389)= {Cos[4 ¢] » Cos[2¢]?-Sin[2¢]?, Sin[4¢] »2Cos[2¢] Sin[2¢],
Cos[2¢] » Cos[¢]?-Sin[¢]?, Sin[2¢] »2Cos[¢] Sin[¢],
Sin[¢]? > 1-Cos[¢]?, Sin[¢]® > (1-Cos[¢]?) Sin[¢], Sin[e]* > (1-cOs[m2)2,
Sin[¢}54>(l—Cos[¢]2)ZSin[¢],Sin[¢}64>(l—Cos[¢]ﬂ3}
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inseo= Factor [
Factor [

(Cos[2¢] (2 (L+p)v) + Sin[2¢] (v*2-(u-1)"2) ) -

(2 (Cos[¢] (u+ Cos[4¢]) + Sin[¢p] (v+ Sin[4¢])) =
(-Sin[¢] (u+ Cos[4 ¢]) + Cos[p] (v+ Sin[4¢])) - 4Cos[2¢] "2 Sin[2¢])

//. trigSubs] //. trigSubs]

outaoo}= O
(*
Lemma 18 Check.
*)
@)= LLL

(-1+x*+y?) (y+2xy-XHYy-YH-xVYH) +2 (1+x) yz?

out[391]=

Z2

in3921= RRR

~(-1+x?+y?) (-x+x?+XH-XXH-y?+y YH) - (-1+x-Yy) (-1+x+y) Z*
Out[392]=

ZZ

inses= Factor [
Factor[

(Cos[2¢] LLLuvE +Sin[2 ¢] RRRuvE) -

( ((Cos[¢] (u+ Cos[44]) + Sin[¢] (v+ Sin[44]))
(-Sin[¢] (u+ Cos[4¢]) + Cos[¢] (v+ Sin[4¢])) -
(Cos[¢] (XH+ Cos[46]) + Sin[d] (YH+ Sin[4¢])) (-Sin[é] (XH+ Cos[44]) +
Cos[¢] (YH+ Sin[4¢])) €72 ) (2 / (1-E72)) - 4Cos[2¢]172Sin[2¢])

//. trigSubs] //. trigSubs]

out[393]= O

(*
Lemma 22 Check.

*)
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o= Mt = (20 + 2 (- Sin[2¢] + u0 (1 -Sin[2¢]) + vO Cos[2¢]) t +
(- Cos[4¢] - Sin[26] + w0 (1-Sin[2¢]) + vO Cos[24]) tA2) / (2 (1+1))

1
Out[394]= —(2u0+2t (vOCos[2¢] +u0® (1L -Sin[2¢]) -Sin[2¢]) +
2 (1+1t)
t? (VO Cos[2¢] - Cos[4¢] +u0 (1-Sin[2¢]) -Sin[2¢]))

naos= vt = (2v0 + 2 (- Cos[2¢] + u0 Cos[2¢] +vO (L+Sin[2¢])) t +
(- Sin[4 ¢] - Cos[2¢] + ud Cos[2¢] +vO (L+Sin[2¢])) th2) / (2 (1+1))
1
ouaess —————(2v0+ 2t (-Cos[2¢] +u0 Cos[2¢] +vO (L+Sin[2¢])) +
2(1+1t)
t? (-Cos[2¢] +u0 Cos[2¢] +vO (1+Sin[2¢]) -Sin[4¢]))

neoel= Bt = (4 (UOM2+vOA2-1) t +

2 (-3-2u0Sin[2¢] + ud”r2 (3-2Sin[2¢]) -
2v0 Cos[2¢] +4u0vOCos[2¢] +VvOA2 (3+2Sin[2¢])) t 2 +

4 (b (Sin[2¢] -1) (2Sin[2¢] +1) + wuOA2 (1-Sin[2¢]) -
vO Cos[2¢] (2Sin[2¢] +1) +2u0 vO Cos[2¢] +vOA2 (L+Sin[2¢])) tA3 +

((1-Sin[2¢]) (1 +2Sin[2¢]) "2 -
2u0 (1- Sin[2¢]) (1+2Sin[2¢]) + udA2 (1- Sin[24]) -
2v0Cos[24] (1+2Sin[2¢]) + 2u0vOCos[2¢] +vON2 (1+ Sin[2¢])) th4) /

(2k (L+1t)A2)
1
Out[396]= ——————
2 (1+t)%2x
(4t (-1+p0%+v0?) +4t> (240 vO Cos[2¢] + 0 (1-Sin[2¢]) +v0? (1+Sin[2¢]) -
vO Cos[2¢] (1+2Sin[2¢]) +u0 (-1+Sin[2¢]) (1+2Sin[2¢])) +
t* (240 v0 Cos[2¢] +u0® (1-Sin[2¢]) +v0? (1+Sin[2¢]) -2v0Cos[2¢] (1+2Sin[24]) -
240 (1-Sin[2¢]) (1+2Sin[2¢]) + (1-Sin[2¢]) (1+2Sin[2¢])?) +
2t? (-3-2v0Cos[2¢] +4u0v0 Cos[2¢] +u0? (3-2Sin[2¢]) -
2408in[2¢] +v0? (3+2Sin[2¢])))

in@e7= Factor [Factor [
2 (ut+1) vt - (2 (LO+1) vO + xCos[2 ¢] EL)
//. trigSubs] //. trigSubs]

out[3971= O



In[398]:=
out[3egl= O
(*
*)
In[399]:=

MatrixForm[ M

Factor [Factor [

vtr2 - (ut-1)72

//. trigSubs] //. trigSubs]

Lemma 23 Check.

= {{v, ~u-1}, {n-1, v}}1]

Out[399)//MatrixForm=

In[400]:=
Out[400]//MatrixFo

MatrixForm[ v =

% -1-pu

-1+u v

({2 (XH+1) YH- 2 (u+1) v},

rm=

Rieck_JMIV2017_Checks.nb

- (vOA2 - (uO-1)A2 + xSin[2 ¢] EL)

{YHA2 - (XH-1)A2-vA2+ (u-1)72}}]

2 (L+XH) YH-2 (1+pu) v
[—(—1+XH)2+YH2+(—1+U)2— 2
n4o1= Mov
ouaotl= {{v (2 (1+XH) YH-2 (L+p) v) + (-1-p) (= (-1+XH) 2+ YH? + (-1 + )2 -V?) },
[(=1+1) (2 (1+XH) YH=2 (1+p) v) +v (= (-1+XH)? + YH? + (-1 + )% -V?) }}
(*
° ° ° . T
That equals 2 (u”*2+v72-1) (l—E)( u/ =, v/ = ) =
° . ° . T
2(uA2+vA2—1)(1—§A2)( i) 2gE , v [ 26k ) ,
. ° . T
sothefollow-ing'is(ﬁ/g,v/f,l) .
*)

In[402]:=

Out[402)//MatrixForm=

(v (2 (L4XH) YH-2 (1+p) v)+(~1-p) (7(71+XH)2+YH2+(71+;4)2

MatrixForm[Append[ EM.v / ((u"2+v7"2-1) (1-§"2)), {1} 1]

7)) €

(-14p24v?) (1-€7)
((=L+p) (2 (L+XH) YH-2 (1+p) v)+v (—(—1+XH)2+YHZ+(—l+u)2

7)) £

(*

%)

(-14p24v?) (1-€7)
1

which is proportional to ( oo, v , €

T
and also to the following:
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in403:= MatrixForm[ V = Factor[Append[ & M.v, {((u*2+v"2-1) (1-£72))}11]
Out[403])//MatrixForm=
~(2XH-XH? + YH? = 2 1+ 2 XH pt = XH? o+ YH? = 12 + 12 =2 YHY =2 XHYH v + V2 + i v?) €

~(2YH+2XHYH-2YH-2XHYHu -2V -2XHVv+XH? v - YH? v+ 2 u v+ p? v+ v3) €
~(-1H P 4V?) (m148) (148

(* From paper: =*)
in404= MatrixForm[
{{(((XH=-1)"2-YH"2) (u+1)+ 2 (XH+1) YHv - (u+1) ((u-1)"2+v7r2)) €&} ,
{ (2 (XH+1) YH (u-1) + (YHA2- (XH-1)"2) v -v (v"2 + (u-1) (u+3))) &},
{(uh2+v"h2-1) (1-€"2) }}1

Out[404]//MatrixForm=

(((~1+XH)?=YH?) (L+p) +2 (L+XH) YHv - (1+p) ((-1+p)2+Vv?)) €
(2 (L+XH) YH (=1+p) + (= (-1+XH)2+ YH?) v v ((-1+u) (3+p) +V?)) €
(—l+u2+v2> (l—§2>

in4051:= Factor [V - %]
ouraosl= { {0}, {0}, {0O}}

(*
Lemma 24 Check.
*)
in4os)= Factor[{x, y, Z} //. uvESubs]
L+XHE vaYHE  (-1+8) (-1+p?+v?-2E+2XHuE+2YHY £~ &%+ XH? €2 + YH? £2)
mmw:{ 1+¢& ’ 1+¢ o 26 (1+&)2 }

né7n- I = Factor[Transpose[ { D[%, u], D[%, v], D[%, €] } 1]

{{ 1 o XHfu} { 1 Yva} { (-1+&) (U+XHE) (-1+&) (v+YHE)
Out[407]= s 5 , , y 4= y —
1+¢ (L+&)2 1+& (1+8)? E(1+&)? E(1+8)?
1
e (1P eV _B3E43 P E+3VvEE-3E2 XHP 2 YHP E2 v B XHu E2 -
282 (1+6)°3

Zuz§2+6YHV§2—2v2§z—§3+3XH2§3+3YH253—2XHH§3—2YHV§3>}}

inj408]:= V

outaosl= {{= (2 XH - XH?* + YH? =2 s+ 2 XH pt - XH? 1o+ YH? - p® + 12 =2 YHV -2 XHYH v +v? + 1 v?) €},
[-(2YH+2XHYH-2YHu-2XHYH -2 v -2XHv+ XH v - YH? v+ 2 u v+ 1® v+ v3) £},
[-(-1+2+V%) (-1+&) (1+&)}}

)
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in400)= Factor[ J.V ]

1 2 3 2 2 2 2
Out[409]= (—XH+u+XH/¢ ~+XHV - v - XHE+XH E-YH  E+u § -
1+¢

2XHu§+XH2u§—YH2u§+u2§—XHu2§+2YHv§+2XHYHv§—v2-§—XHv2§)},

(~YH+YH? 4 v -2 v+ YHY? -V - YHE-2XHYH E+ 2 YH U E+ 2 XH YH 11 € -

oy

YH/JZ§+v§+2XHv§—XH2v§+YH2v§—2uv§—YHv25)},
1

282 (1+¢)?
3V E -3 XH? €2 - YH2 €2 4 2 XH U E2 + 2 XH? €2 -2 YH2 1 €2+ 5 2 €2 — 4 XH 1 €2 + 3 XH?
22 YH? 22421362 -6 XHB E2+2YHV EZ —4XHYHV E2+8YHu v E2+ 8 XHYH u v €2 -
BYH? v E2+5v2E2 1 AXHV? E2 - XH2 V2 €2 43 YH V2 €2 6 uVv2 E2 -6 XHu V2 €2 -6 YH V3 €2 -
E3XH2 42 XHP 2 - YH? @ —6XHYH? @ + 2 XHu 3 -4 XH u @+ 2 XH3 u E +4YH u &3 +
2XHYHZ L €3+ 2 €3+ 2 XH 2 €3 -3 XH2 12 €3 -3 YH? 12 €3+ 2 YHVv E3+ 8 XHYH v €3 +
2XHYHY £+ 2 YH? v €2 - 4 YH v €2+ V2 £2 -2 XHV? €2 - 3XH V2 2 - 3YH V2 &%)}

{

(-1+&) (-1+2p2-p*+2Vv? 22V Vo360 -3t g6 ViE-B AV E-

n4i0:= Factor[% /. unuvESubs]

1
Out[410]= { {—

(—1+X2+y2+2Z>2
2 (-1+x%+y?) (m14x?+y?+Z) (-x-x?+2x3 - XH+2 X XH - 3 x* XH - XH? + x XH? +
y2+2xy2—XHy2—2yYH—2nyH+YH2+xYH2+2xZ—2XHZ)},
1

{— -2 (F1+x®+y?) (m1+XP+y?*+Z) (-y+2xy+2x°y-2XHy-
(—1+X2+y2+2Z>

2xXHy+XH2y+2y3+YH—2xYH—szH+2XHYH—3y2YH+yYH2+2yZ—2YHZ>},

1
{- 2Z (-1+x%+y?+Z) (1-7x*-2x>+8x* + 6 x XH+4 x* XH -

(—1+X2+y2+2Z>2

10 X3 XH-XH? -2 x XH2 + 3 x2 XH2 -7 y2 + 6 xy?+16 x>y  —4 XHy? - 10 x XHy? +
3XH?y?+8y*+6yYH-8xyYH-10x*yYH+4 XHy YH-10y> YH - YH? +
2xYH2+3x2YH2+3y2YH2—4Z+12x2Z—8xXHZ+12y2Z—8yYHZ+4ZZ)}}

In[411]:= Matr'ixForm[ W = Factor[% (—1+x2+y2+22)2/ (2 (—1+x2+y2+Z)) ]]
Out[411]/MatrixForm=
(1P ey?) (-x-xPe2x
(14 +y?) (-y+2xy
~Z(1-7x*-2x3+8x*+6xXH+4 x> XH-10 x> XH - XH? - 2 x XH? + 3 x* XH? - 7 y* + 6 x y* + 16 x* y?

(*» That is proportional to ( )'<, 3./, z ) *)
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neiz- poly = Factor|
(1-7x*-2x>+8x*+6 X XH+4 x> XH-10 x> XH - XH? -2 x XH?* + 3 x? XH? -7 y* + 6 x y* + 16 X y* -
4XHy?-10xXHy? +3XH?y? +8y* +6yYH-8XxyYH-10 x>y YH+4 XHy YH-10 y3 YH - YH? +
2xYH? +3x?YH? +3y* YH? -4Z+12x*Z-8XXHZ+12y*Z-8yYHZ+42Z%) /. Z > z"2]
ouaize 1-7x2-2x3+8x* +6XxXH+4 x> XH-10 x> XH-XH?> -2 x XH? + 3x* XH2 - 7T y? + 6 x y? + 16 x> y? -
4XHY? 10 xXHY? +3XH?’ y? +8y* +6yYH-8xyYH-10x*yYH+4 XHy YH- 10 y> YH -
YHZ + 2 X YH? + 3 X2 YH? + 3y? YH? -4 22 +12x2 22 -8 xXHZz? +12y? 22 -8y YHz? + 4 z*

(* From paper (CORRECTED): =x)
n413:= p = Factor[
1-XHA2-YHA2+2 (YHA2-XHA2+3XH) X + (3XHA2+3YHA2+4XH-7) x 2 -
2 (1+5XH) x"3+ 8x"4+ 2 (3+2XH) YHy-8YHXxy-10YHx"2y +
(3XHA2+3YHA2-4XH-T7) yA2+2 (3-5XH) xy"2 + 16 x"2yA2-10YHy 3+
8y"4-42z72-8XHxz"2+12x"22z"2- 8YHYyzA2+12y"r22zr2+42z74
1
ouatal 1-7x?2-2x3+8x*+6xXH+4 x> XH-10 x> XH-XH? -2 x XH? + 3 x> XH? -7 y? + 6 x y? + 16 x* y* -
4XHY? - 10 x XHy? +3XH? y? +8y* + 6y YH-8xyYH-10 x>y YH+4 XHy YH- 10 y® YH -
YH2 + 2 X YH? + 3 x? YH? + 3y? YH? -4 2z + 12 x2 22 -8 xXHZz?> +12y? z° -8y YH Zz? + 4 z*

ni4141= Factor [poly - p]
out414]= O
na151= Clear [p]

natel= PLXH_, YH_, X_,y_,Z_] :=
1-7x%-2x3+8x"+6XxXH+4 x> XH-10 x> XH-XH? -2 x XH? + 3 x> XH? -7 y? + 6 x y* +
16 x2y? -4 XHy?-10x XHy? +3XH? y* + 8y* + 6y YH-8 Xy YH-10 x>y YH+ 4 XHy YH -
10y  YH-YH? + 2 X YH? + 3 x? YH? +3y? YH? -4Z +12x>Z-8XxXHZ +12y*Z-8yYHZ + 4 Z*

n4171= Factor [D[p[XH, YH, x, y, Z], Z]]

ouai7= 4 (-1+3x*-2xXH+3y? -2y YH+22Z)

naie)- Factor[8Z + 12 ((X-XH/3) A2+ (y-YH/3)A2- (3+XHA2+YHA2) /9)]
outaial- 4 (-1+3x*-2xXH+3y? -2y YH+22Z)

in419:= Factor [%% - %]

out419]= O

in20:= Factor[8Z - 12 (3+9) /9]
oup4z0= 8 (-2 +Z)

n421= Q[U_, V_] = 8 ((UM2+VvA2)7A2 + uvA2)

n422i= q[XH_, YH_, x_, y_] ¢= Q[x-(1+5XH) /16, y-5YH/ 16]
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in423= Factor [p[XH, YH, x, ¥y, Z] - q[XH, YH, x, y]]

1
out}423]= ——— <819l +64 X -58880 x> -20XH+50112 x XH + 17408 x* XH -
8192

In[424]:=

In[425]:=

Out[425]=

In[426]:=

In[427]:=

In[428]:=

Out[428]=

8342 XH? - 11584 x XH? - 13824 x? XH? - 500 XH® + 8000 x XH® - 625 XH* - 53760 y? -
17408 XHy? + 11776 XH? y? + 46912y YH- 34816 x y YH + 23168 XHy YH -

51200 x XHy YH + 8000 XH? y YH - 7842 YH? + 11584 x YH? + 11776 x® YH? +

1500 XH YH? + 8000 x XH YH? - 1250 XH? YH? - 13824 y? YH? + 8000 y YH® - 625 YH* -
327687 +98304 x> Z-65536 x XHZ +98304y*Z- 65536y YHZ+32768 Z°)

FIXH , YH , X_, Yy ,Z ] i= 4ZA2 + 12xA2Z + 12yA2Z - 8XHXZ - 8YHYZ - 42
Factor[ p[XH, YH, x, y, Z] - q[XH, YH, x, y] - r[XH, YH, x, y, Z] ]

1
—<8l9l+64x—58880x2—20 XH+ 50112 x XH + 17408 x> XH -
8192

8342 XH? - 11584 x XH? - 13824 x? XH? - 500 XH® + 8000 x XH® - 625 XH* - 53760 y? -
17408 XHy? + 11776 XH? y? + 46912y YH- 34816 x y YH + 23168 XHy YH -

51200 x XHy YH + 8000 XH? y YH - 7842 YH? + 11584 x YH? + 11776 x* YH? +

1500 XH YH? + 8000 x XH YH? - 1250 XH” YH? - 13824 y* YH’ + 8000 y YH® - 625 YH?)

S[XH_, YH_, x_, y_] :=

1
—— (8191 + 64 x - 58880 X% -20 XH+50112 x XH + 17408 x> XH - 8342 XH? -
8192

11584 x XH? - 13824 x? XH? - 500 XH> + 8000 x XH® - 625 XH* - 53760 y? -

17408 XHy? + 11776 XH?> y® + 46912 y YH-34816 xy YH + 23168 XHy YH -
51200 X XHy YH + 8000 XH? y YH - 7842 YH? + 11584 x YH? + 11776 x* YH? +

1500 XH YH? + 8000 x XH YH? - 1250 XH? YH? - 13824 y? YH’ + 8000 y YH® - 625 YH?)

r{XH_, YH_, x_,y_,Z_] :=

4772 + 12xM2Z + 12yA2Z - 8XHXZ - 8YHYZ - 4Z + s[XH, YH, X, y]

r[XH, YH, x, y, Z]

1
—(819l+64x—58880x2—20 XH+50112 x XH + 17408 x> XH -
8192

8342 XH? - 11584 x XH? - 13824 x? XH? - 500 XH> + 8000 x XH* - 625 XH* - 53760 y? -
17408 XHy? + 11776 XH? y®> + 46912y YH-34816 x y YH+ 23168 XHy YH -
51200 X XHy YH + 8000 XH? y YH - 7842 YH? + 11584 x YH? + 11776 x? YH? +
1500 XH YH? + 8000 x XH YH? - 1250 XH? YH? - 13824 y* YH? + 8000 y YH® - 625 YH*) -

47+12x*7Z-8xXHZ+12y*Z-8yYHZ+47?

nj4291= Clear [u, V]

n430i= Q[U, V]

2
out[430= 8 (u v2 4 (u2 + V2> )
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In[431]:=

Out[431]=

In[432]:=

Out[432]=

In[433]:=

Out[433]=

In[434]:=

Out[434]=

In[435]:=

Out[435]=

In[436]:=

Out[436]=

In[437]:=

Out[437]=

In[438]:=

Out[438]=

first = Factor[D[Q[u, V], ul]

8<4u3+v2+4uv2)

second = Factor[D[Q[u, V], V]]

16 v (u+2u2+2v2>

Factor[Resultant[first, second, v]]

524288 u° (1+6u)?

Factor[{first, second} /. u--1/6]
4 16
{=(-1+18Vv?), —v (-1+18V7)}
27 9
Q[-1/6, 1/Sqrt[18]]
1

54

(*
That is the least value of Q[u,v] and so least value of q[XH,YH,x,y] too.
Now consider r[XH,YH,x,y,Z] which needs to be > 1/54 when Z > 9.

*)

Factor[r[XH, YH, x, y, 9]1]
i(2367487 +64 X + 825856 x* - 20 XH - 539712 x XH + 17408 x> XH -
8192
8342 XH? - 11584 x XH? - 13824 x? XH? - 500 XH> + 8000 x XH® - 625 XH* + 830976 y? -
17408 XHy? + 11776 XH? y? - 542912y YH- 34816 xy YH+ 23168 XHy YH -
51200 x XHy YH + 8000 XH? y YH - 7842 YH? + 11584 x YH? + 11776 x® YH? +
1500 XH YH? + 8000 x XH YH? - 1250 XH? YH? - 13824 y* YH? + 8000 y YH® - 625 YH?)

first = Factor[D[r[XH, YH, x, y, 9], x]1]

1
—— (1+25808 x - 8433 XH + 544 x XH - 181 XH? — 432 x XH? +
128

125 XH® - 544 y YH - 800 XHy YH + 181 YH? + 368 x YH? + 125 XH YH?)

second = Factor[D[r[XH, YH, x, y, 91, Y11

1
— (25968y - 544 XHy + 368 XH? y - 8483 YH -
128

544 x YH + 362 XH YH - 800 x XH YH + 125 XH?> YH - 432 y YH? + 125 YH3>
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ni439y= Factor [Resultant[first, second, y]]

1
out[439]= ——— <7 1623 - 41886384 x + 13686 793 XH - 5440 x XH + 7018 XH? +
1024

126048 x XH?2 - 15070 XH® - 27200 x XH® + 8413 XH* + 9936 x XH* - 2875 XH® -
5314 YH? + 118048 x YH?2 - 12570 XH YH? + 81600 x XH YH? - 27 150 XH? YH? +
19872 x XH? YH? - 5750 XH® YH? + 637 YH* + 9936 x YH* - 2875 XH YH4>

nj40= X@ = Factor[ x /. Solve[Numerator([%] == 0, x][[1]]]
ouaao)- (1623 - 13686 793 XH - 7018 XH? + 15070 XH® - 8413 XH* + 2875 XH° +
5314 YH? + 12570 XH YH? + 27 150 XH? YH? + 5750 XH® YH? - 637 YH* + 2875 XH YH*) /
(16 (-2617899 - 340 XH + 7878 XH? - 1700 XH> + 621 XH* +
7378 YH? + 5100 XH YH? + 1242 XH? YH? + 621 YH*)

ni441:= Factor [{first, second} /. x - x0]
ouat= {= (( (17 +25 XH) YH
(-41886384y - 5440 XHy + 126 048 XH* y - 27200 XH® y + 9936 XH* y + 13683 045 YH - 8812
XHYH - 15170 XH? YH + 10 324 XH® YH - 2875 XH* YH + 118 048 y YH? + 81600 XH y YH? +
19872 XH? y YH? - 12670 YH® - 25876 XH YH® - 5750 XH? YH® + 9936 y YH* - 2875 YH°) ) /
(64 (-2617899 - 340 XH + 7878 XH? - 1700 XH> + 621 XH* + 7378 YH? +
5100 XH YH? + 1242 XH? YH? + 621 YH*) ) ),
((1623 - 34 XH + 23 XH? - 27 YH?) (-41886384y - 5440 XHy + 126 048 XH? y -
27200 XH® y + 9936 XH* y + 13683045 YH - 8812 XH YH - 15170 XH? YH +
10324 XH® YH - 2875 XH* YH + 118048 y YH? + 81600 XH y YH? + 19872 XH? y YH? -
12670 YH® - 25876 XH YH® - 5750 XH® YH® + 9936 y YH* - 2875 YH®) ) /

(128 (2617899 - 340 XH + 7878 XH? - 1700 XH® + 621 XH* + 7378 YH? +
5100 XH YH? + 1242 XH? YH? + 621 YH“) )}

Inj442:= YO = Factor[ y /.
Solve[(-41886384y - 5440 XHy + 126 048 XH? y - 27200 XH® y + 9936 XH* y + 13683 045 YH -
8812 XH YH - 15170 XH? YH + 10 324 XH® YH - 2875 XH* YH +
118048y YH? + 81600 XHy YH? + 19872 XH? y YH? - 12670 YH® -
25876 XH YH® - 5750 XH? YH® + 9936 y YH* - 2875 YH®) = 0, y][[1]]]
ouaazi= (YH (-13 683045 + 8812 XH + 15170 XH? - 10324 XH® +
2875 XH* + 12670 YH? + 25876 XH YH? + 5750 XH? YH? + 2875 YH?) ) /
(16 (-2617899 - 340 XH + 7878 XH? - 1700 XH® + 621 XH* + 7378 YH? +
5100 XH YH? + 1242 XH? YH? + 621 YH*) )



100 | Rieck JMIV2017_Checks.nb

in443= Factor [r[XH, YH, x0, y0, 9]]

ouasa- (-6197 841846567 - 807 334704 XH + 271330432020 XH” +
2360320864 XH® - 632463 154 XH* + 145132 048 XH> - 50 930 876 XH® - 2392000 XH' +
330625 XH® + 270144 022668 YH? - 6 949989 152 XH YH? - 1221 015 284 XH? YH? -
289762976 XH® YH? - 190 192 028 XH* YH? + 2392 000 XH® YH? + 1322 500 XH® YH? -
585260 050 YH* - 439735024 XH YH* - 128 565 028 XH? YH* + 11 960 000 XH® YH* +
1983750 XH* YH* - 55321476 YH® + 7176 000 XH YH® + 1322500 XH? YH® + 330 625 YH®) /

(8192 (-2617899 - 340 XH + 7878 XH? - 1700 XH® + 621 XH* +
7378 YH? + 5100 XH YH? + 1242 XH? YH? + 621 YH*) )

(*
That is the minimum value of r[XH,YH,x,y,9] for fixed XY and YH.
*)
n4a4)= {num, den} = {Numerator[%], Denominator[%]}
ouass- {-6197 841846567 - 807 334704 XH + 271330 432 020 XH? +
2360320864 XH® - 632463154 XH* + 145132 048 XH® - 50930 876 XH® - 2392000 XH' +
330625 XH® + 270 144 022 668 YH? - 6949989 152 XH YH? - 1221 015 284 XH? YH? -
289762976 XH® YH? - 190 192 028 XH* YH? + 2392 000 XH® YH? + 1322500 XH® YH? -
585260050 YH* - 439735024 XH YH* - 128 565 028 XH? YH* + 11 960 000 XH* YH* +
1983750 XH* YH* - 55321476 YH® + 7176 000 XH YH® + 1322 500 XH? YH® + 330 625 YH®,
8192 (-2617899 - 340 XH + 7878 XH? - 1700 XH® + 621 XH* +
7378 YH? + 5100 XH YH? + 1242 XH? YH? + 621 YH*) }

nj445:= polarSubs = {
XH » pCos[w], YH-> pSin[w],
Sin[w]*2 » 1-Cos[w] "2,
Sin[w]*3 -» Sin[w] (1-Cos[w]"2),
Sin[w] "4 » (1-Cos[w]"2)A2,
Sin[w] A5 » Sin[w] (1-Cos[w]*2)72,
Sin[w]*6 -» (1-Cos[w]”"2)A3,
Sin[w] 7 -» Sin[w] (1-Cos[w]"2)"3,
Sin[w] "8 » (1-Cos[w]"2)"4
}
outi44s]= {XHe,oCos[w] , YH> p Sinfw], Sin[w]® - 1-Cos[w]?, Sin[w]® > (1-Cos[w]?) Sin[w],
Sinfw]* > (1-Cos[w]?)?, Sin[w]® > (1-Cos[w]?)® Sin[w],

Sin[w]® - (1-Cos[w]?)?, Sin[w]” » (1-Cos[w]?)®Sin[w], Sinfw]® - (l—Cos[w}2)4}



In[446]:=

Out[446]=

In[447]:=

out[447]=

In[448]:=

Out[448]=

In[449]:=

Out[449]=

In[450]:=

Out[450]=

In[451]:=

Out[451]=
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Factor[ {num, den} //. polarSubs ]

{-6197841846567 + 270 144022668 p° - 585260 050 p* - 55321476 p° + 330625 p° -
807334704 p Cos[w] - 6949989152 p° Cos[w] - 439735024 p° Cos[w] + 7176000 o’ Cos[w] +
1186409352 p? Cos[w]? - 50495184 p* Cos[w]? + 37399400 p° Cos[w]? +
9310310016 p3 Cos[w]>+589707072 0° Cos[w]3-9568000 0’ Cos[w]?+
3292080 p* Cos[w]?-99026400 p°® Cos[w]* - 4840000 p° Cos[w]> + 66017600 p° Cos[w]®,

8192 (-2617899 + 7378 p* + 621 p* - 340 p Cos [w] +
5100 p° Cos [w] + 500 p? Cos [w]? - 6800 p° Cos [w]®) }

{numPolar, denPolar} = Factor[-% /. Cos[w] » x]
[6197841846567 - 270 144022 668 p* + 585 260 050 p* + 55321476 p° - 330625 p° +

807334704 p x + 6949989152 p> x + 439735024 p° x - 7176000 o’ x - 1186409352 p? x* +
50495184 p* x? - 37399400 p° x? - 9310310016 p° x> - 589707072 p° x° +

9568000 p" x> -3292080 p* x* + 99026400 p°® x* + 4840000 p° x° - 66017600 p® X°,
-8192 (-2617899 + 7378 p* + 621 p* - 340 p x + 5100 p° x + 500 p* x* - 6800 p° x°) |

Expand[denPolar]

21445828608 - 60440576 p> - 5087232 p* +
2785280 p x -41779200 0> x - 4096000 p? x% + 55705600 p° x°

(» lower bound on denPolar x)
21445828608 -60440576 (322) -5087232 (3"4) +

2785280 (-3) -41779200 (373) -4096000 (312) +55705600 (-3"3)
17812488192

(*» upper bound on denPolar «x)
21445828608 -60440576 (0) -5087232 (0) +

2785280 (3) -41779200 (-373) - 4096000 (0) + 55705600 (3/3)
24086274048

Expand [numPolar]

6197841846567 - 270 144 022 668 p° + 585260 050 p* + 55321476 p° - 330625 p° +
807334704 p x + 6949989152 p° x + 439735024 p° x - 7176000 o’ x - 1186409352 p2 x2 +
50495184 p* x? - 37399400 p°® x* - 9310310016 0> x> - 589707072 p° x° +
9568000 p’ x> -3292080 p* x* + 99026400 p° x* + 4840000 p> x° - 66017600 p° x°

(» lower bound on numPolar =)
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neszi- 6197 841846 567 - 270 144022 668 (312) + 585260 050 (0) +
55321476 (0) - 330625 (318) + 807334704 (-3) +6949989152 (-3/3) +
439735024 (-3A5) -7176000 (377) - 1186409352 (312) + 50495184 (0) -
37399400 (326) -9310310016 (323) - 589707072 (375) + 9568000 (-3A7) -
3292080 (314) + 99026400 (0) + 4840000 (-315) - 66017600 (316)

ousse- 2948641317 306

(*» lower bound on numPolar/denPolar «)

insal= N[ 2948 641317306 / 24086274048 ]
outs3= 122 .42

(*
So r[XH,YH,x,y,9] is at least this big, and so too is
r[XH,YH,x,y,Z] for all Z = 9.

*)



