Several examples of slices of our solid (blue) in “cosines space.” (See the “4 Problems” document for more
explanation. Remember that ¢ here really means y, which is fixed for each slice.)

side lengths: 1.15 1.40 1.00 side lengths: 1.15 1.40 1.00
interior angles: 0.3007t 0.4517T 0.24977T interior angles: 0.3007t 0.4517t 0.24977
acute, ¢ =0.450s, cos ¢ =0.156 acute, ¢ =0.275m, cos ¢ = 0.649
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side lengths: 1.15 1.40 1.00
interior angles: 0.3007t 0.4517t 0.24977

interior angles: 0.3007t 0.4517t 0.24977 acute, ¢ =0.0844r, cos ¢ =0.965

side lengths: 1.15 1.40 1.00

acute, ¢ =0.194r, cos ¢ =0.820




side lengths: 1.15 1.40 1.00 side lengths: 1.15 1.40 1.00
interior angles: 0.3007r 0.4517r 0.2497 interior angles: 0.300rr 0.4517t 0.24977
acute, ¢ =0.909s, cos ¢ = -0.959 acute, ¢=0.777m, cos ¢ =-0.764

side lengths: 2.87 1.40 3.46 side lengths: 2.87 1.40 3.46
interior angles: 0.3007t 0.1297t 0.571757 interior angles: 0.3007t 0.1297t 0.5717
obtuseC, ¢ =0.51671, cos ¢ = -0.0492 obtuseC, ¢ =0.4017, cos ¢ = 0.306

o




side lengths: 2.87 1.40 3.46
interior angles: 0.3007t 0.1297t 0.5717T side lengths: 2.87 1.40 3.46
obtuseC, ¢ =0.307r, cos ¢ =0.569 interior angles: 0.3007t 0.1297t 0.5717T
: ; obtuseC, ¢ = 0.6337, cos ¢ = —0.407

side lengths: 2.32 1.40 3.46 side lengths: 2.32 1.40 3.46
interior angles: 0.1567t 0.09177t 0.7527t interior angles: 0.1567t 0.09177t 0.7527
obtuseC, ¢ =0.485s, cos ¢ = 0.0458 obtuseC, ¢ =0.3067T, cos ¢ = 0.5
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side lengths: 2.32 1.40 3.46 side lengths: 2.32 1.40 3.46
interior angles: 0.1567t 0.09177r 0.7527T interior angles: 0.1567t 0.09177t 0.7527T
obtuseC, ¢ =0.158t, cos ¢ =0.880 obtuseC, ¢ =0.820rr, cos ¢ = -0.844

side lengths: 2.32 1.40 3.46
interior angles: 0.1567t 0.0917r 0.7527T
obtuseC, ¢ =0.72675, cos ¢ = -0.651



Here are some examples of our solid in “angles space.” The first three are different views of the same solid for
an acute triangle case. The last three are different views of the same solid for an obtuse triangle case.







Here is some of the Mathematica code used to create the boundary (gray) for the generated data points of the
solid (orange).

spike = RegionPlot3D]
(» The basic spherical geometry rules ("tetrahedral rules") =)
( a+B+y<S2nm
&& a = B + v
&& B < vy + «a
&& vy s a+ B )
&% (x Additional spherical geometry rules for acute triangle case «x)
( obtuse || (
AA + B+v <2m
&% o + BB + v s 2x
& & o + B + CC 2= 27
(%
& B + ¥y - a <= 2(BB+CC)
&& Yy + a - B <= 2(CC+AA)
&& o + B - v <= 2(AA+BB)
*)
))
&% (x Simple cosines rules for acute triangle case «x)
(obtuse || (

(a 2 AA || Cos[CC] Cos[B] +Cos[BEB] Cos[¥] > 0) &&
(B 2z BB || Cos[AA] Cos[y] + Cos[CC] Cos[a] > 0) &&
(v 2 CC || Cos[BB] Cos[a] + Cos[AA] Cos[B] > 0) ))

&& (x Grunert system discriminant rule for acute triangle case )
(obtuse || (
disc[xl, x2, x3, yl, y2, y3, Cos[a], Cos[B], Cos[¥]] = © I
((azAA || B<BB || ¥y<CC) & (a <AA || B2BB || y<CC) &k (a<AA || B<BB||]¥Yz CC))))
&% (» LO condition for obtuse triangle case «x)
(Not[obtuse] || (
(disc[x1, x2, x3, y1, y2, y3, Cos[a], Cos[B], Cos[¥]] < O@) ||
( (q[x1, x2, y1, y2, BB, CC, Cos[B], Cos[¥]] > 0)
&& (2 Cos[B]1™2 2 1+Cos[2BB] || (1+Cos[2AA]) Cos[y]"22 Cos[2AA] +Cos[2CC])

&& (2Cos[¥]™2 2 1+Cos[2CC] || (1L+Cos[2AA]) Cos[B]"2=2 Cos[2AA] +Cos[2BB]))
))

&% (+ RO condition for obtuse triangle case )
(Not[obtuse] || ro[¢l, ¢2, ¢3, AA, BB, CC, Cos[a], Cos[B], Cos[¥]1])



disc[x1_, x2_, x3_, yl_,y2_,y3_,cl_, c2_, c3_] := Module[ {L, R, H3,
Evaluate[ N[4H (H-2R)® - (L2 +R*-10HR -21)*] /. {
L2 ((-1+c12) (1-x1) y1+ (-1+c22) (1-x2) y2 + (-1+c32) (1-x3) y3+ (1-clc2c3) (yl+y2+y3)),
R+ 2 ({-1+¢c2%) x2 (1+x2) + (-1+¢2%) x2 (1 +x2) + (-1+¢3°) x3 (L+x3) + (L-clc2¢c3) (1+x1+x2+x3)),
Ho 1-c1®-c2?42clcze3-c37} |];

q[x2_,y2 ,x3_,y3_,B_,C_,c2_,c3 ] := Module[{jZ, k2, m2, j3, k3, m3},

Evaluate[ N[ (j2m3 - j3m2)*+ (k2m3 - k3m2)2- (j2k3 - j3k2)?] /. {
i2 » (1-c2%) (1-c3*) x2, k2 » (1-c2?) (1-c3?)y2, m2 » (1-c3%) (c2*-Cos[2B]),
i3 + (1-¢2%) (1-¢3?) x3, k3 » (1-c2?) (1-¢3?) y3, m3 » (1-c2?) (c32-Cos[2C1) } |];

rol¢sl_, ¢¢2_, ¢¢3 _, AA_, BB_, CC_, ccl_, cc2_, cc3_] := Module[{¢l, ¢2, ¢3, cl1, c2, c3, C1,
cA, c¢B, cC, DD, x1, x2, x3, y1, y2, y3, c2cap, c3cap, c2cup, c3cup, answer},
¢l =N[gp1]; ¢2 = N[#p2] ;5 ¢3 = N[#p3]; cl=N[ccl]; c2=N[cc2]; c3=N[cc3];
Cl=cl?2; cA=N[Cos[AA]]; cB=N[Cos[BB]]; N[cC=Cos[CC]];
X1 = Cos[¢1l]; X2 = Cos[¢2] 3 X3 =Cos[¢3]; Yyl =Sin[él]; y2 =Sin[¢2]; y3 = Sin[¢43];
c2cap = Sign[cl] Sqrt[((Cos[¢l - ¢2] - Cos[¢1l - ¢3]) C1 +Cos[¢l - ¢3] - Cos[¢l - ¢2] Cos[$2 - ¢3] +
Abs [Sin[ (62 - $3) /2]]1 Sin[¢l - $2] Sqrt[2 (1 +Cos[d2-¢$3] -2C1)]) /
(1-Cl+Cos[dl -¢2] C1-Cos[¢l -$2] Cos[¢p2 - ¢3] + AbsS[Sin[(d2 - ¢3) /2]] Sin[él - ¢2] Sqrt[2 (1+Cos[d2 - $3] -2C1)]1)1;
c3cap =Sqrt[ ((Cos[¢l - 93] - Cos[¢l - $2]) C1 + Cos[¢pl - 2] - Cos[¢1l - ¢3] Cos[d2 - ¢3] +
Abs[Sin[ (¢2 - $3) /2]] Sin[¢l - $3] Sqrt[2 (1+Cos[¢2 -¢$3] -2C1)]) /
(1-Cl+Cos[¢l-3] C1l-Cos[¢pl - 3] Cos[d2 - $3] + Abs[Sin[ (42 - ¢3) /2]] Sin[dl - ¢3] Sqrt[2 (1 +Cos[d2 - ¢3] -2C1)])]1;
c2cup =Sqrt[ ((Cos[¢l - $2] - Cos[¢l - ¢3]) CL + Cos[¢l - ¢3] - Cos[¢1 - $2] Cos[d2 - 3] -
Abs[Sin[ (¢2 - $3) /2]] Sin[¢1 - ¢2] Sqrt[2 (1 +Cos[¢2 -$3] -2C1)]) /
(1-Cl+Cos[¢l-¢2] Cl-Cos[¢l-¢2] Cos[d2 - $3] - Abs[Sin[ (42 - ¢3) /2]] Sin[dl - ¢2] Sqrt[2 (1 +Cos[d2 - $3] -2C1)])];
c3cup =Sign[cl] Sqrt[((Cos[4l - $3] - Cos[¢pl -$2]) C1 + Cos[dl - $2] - Cos[d1 - $3] Cos[d2 - 3] -
Abs[Sin[ (¢2 - ¢3) /2]] Sin[¢1l - ¢3] Sqrt[2 (1 +Cos[¢2 - ¢3] -2C1)]) /
(L-Cl+Cos[¢l-¢3] Cl-Cos[¢l - ¢3] Cos[¢2 - ¢3] - Abs[Sin[($2-¢3) /2]] Sin[¢l-¢3] Sqrt[2 (1+Cos[¢2-¢3]-2C1)])]1;
DD = disc[x1, x2, x3, y1, y2, y3, cl, c2, c3];
answer = True;
If[ Abs[cl] = Abs[cA],
If[ Abs[Im[c2cap]] < .0001 &&Abs[Im[c3cap]] < .0001 && Abs[Im[c2cup]] < .0001 && Abs[Im[c3cup]] < .0001 ,
c2cap = Re[c2cap]; c3cap = Re[c3cap]; c2cup = Re[c2cup]; c3cup = Re[c3cup];
answer = ((cCc2+cBc3 20) & (c2 2 c2cap || c3 2 c3cap) &&
(c2zc2cup || €3 2c3cup && (c2x2c2cap||c32cC||DDz0O) &&
(c32c3cup||c22cB||DD20))) 113
If[cl<cA, answer =c2 s cB &k c3 <cC]};
If[cl> -cA, answer = (c220]||c32cC)&& (c320||c22cB)&&(c22cB||c32cC||D<O)];
answer

15



The following function is used to convert the “tilt angles” (dihedral angles involving the base plane, i.e. the
plane containing the fixed triangle), which are varied independently, to the “view angles” (angles at the
varying vertex of the tetrahedron). This function is used to generate the data points for the “spikes” (the
orange points in the orange and gray figures). This method for generating the data points is completely
different than the “extended Sullivan method” used to generate the data points (blue) for the “slices” seen in
the blue and yellow figures.

tiltToViewAngles[A , B, C , 1 _, z2 , r3_] := Module[
(*
A, B, C are interior angles of the case triangle;
tl, t2, 3 are "tilt angles" (dihedral angles involving the base);
&1, &2, 63 are the other dihedral angles;
o, B, ¥ are the "view angles" (at optical center)
*)
{81, 62, 63, a, B, ¥, Stl, st2, st3, ctl, ct2, ct3, s61, s62, sé3, cbl, cb2, cé3},
stl = Sin[N[zI]]}j st2 = Sin[N[z2]]3 st3 = Sin[N[z3]]}
crtl = Cos[N[z1]]; ct2 = Cos[N[z2]]; ct3 = Cos[N[z3]];
c8l = st2st3Cos[N[A]] - ct2ct3;
cd2 = st3stlCos[N[B]] - ct3ctl;
c63 = stlst2Cos[N[C]] - ctlct2;
sé61 = Sqrt[l - c6112]; s62 = Sqrt[l - c6272]; s63 = Sqrt[l - c63~2];
a = ArcCos[ (cé6l + cb82 cé3) / (s625s563)];
B = ArcCos[ (c62 + c83 cél) / (s63s61)];
¥ = ArcCos|[ (cé3 + c61 cd2) / (s61s62)];
If [Abs[Im[a]] > .001 || Abs[Im[3]] > .001 || Abs[Im[¥]] > .001 ,
{a, B, ¥} = {0, 0, 0},
{ay, By, ¥} = Re[{a, B, ¥}];
15
{a, B, ¥}
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